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ABSTRACT. In the prime factorization of n! one could determine one corre-
sponding exponent ordpn! of the given prime number p for one certain pos-
itive integer 0 < n < oo using Chebyshev’s formula or the derivation of his
formula. In contrast to that one can now find in prime factorization the cor-
responding numerical sequence of exponents ordy, (r,1) = ordp (0,11, 2!, ..., n!)
of every single factorial of the given numerical sequence of factorials (r,1) =
(0!, 11,21 ..., n!) using the numerical sequences (Ap,(rn)) and (pr(rﬂ) of the
given prime number p for the certain numerical sequence (r,) = (0,1,2,...,n)
of the members 0 < n < co. (This means that instead of ordpyn! one receives
ordy (rn1) = ordp (01, 11,21, ..., nl)).

In the Appendix there are programmes verifying the results of the numerical
sequences (A (), (Variation IL.c) (‘A.py’) and (B, (,,)) (Variation Il.c)
(‘B.py’). Also a programme is given to compare these results to those of
Chebyshev’s Formula (1.2) (‘Chebyshev.py’). The results for all formulae are
verified up to n = 220 for all prime numbers from p; = 2 up to p < n.

1. INTRODUCTION

The numerical sequences of the given prime number p from a certain numerical
sequence (ry,) are denoted as (A, (,.)) and (B, (), where index p represents the
numerical sequence for the given prime number p and index (r,) the numerical
sequence (r,) = (0,1,2,...,n) of the positive integers 0 < n < oco. In the prime
factorization of n! (1.1) one could determine one corresponding exponent ord,n!
of the given prime number p for one certain positive integer 0 < n < oo, using
Chebyshev’s formula (1.2) or the derivation of his formula (2.2). In contrast to
that one now finds in prime factorization the corresponding numerical sequence of
exponents ord, (rn1) = ordy (01,11, 2!, ...,n!) of every single factorial of the given
numerical sequence of factorials (r,)) = (0!, 11, 2!, ..., n!), using the numerical se-
quences (A, (..)) and (B, (.)) of a given prime number p for the certain numeri-
cal sequence (r,) = (0,1,2,...,n) of the members consisting of the positive integers
0 < n < oo. One applies here the formulae (2.12), (2.13), (2.19), (2.20), (2.21) for
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the numerical sequence (4, (..)), (3.9), (3.10), (3.11), (3.12), (3.21), (3.22), (3.23),
(3.24), (3.25) for the numerical sequence (Ap (r )) and (4.2), (4.7), (4.8) for the
\Tng

numerical sequence (B, (.)), (5.1), (5.6), (5.7), (5.8) for the numerical sequence
(Bp.r1)-

Note 1. If one determines in the prime factorization of n! every exponent ordyn!
of the given prime number p for every positive integer n = 0,1,2, ..., (p" — 1), with
n=0,1,2,...,00, using Chebyshevs formula or its derivation, one obtains a numer-
ical sequence of exponents ord, (rn1) = ord, (0L, 11,21, ..., (p" — 1)) for a numerical
sequence of factorials (rn) = (01,11, 2!, ..., (p" — 1)!) for the numerical sequence
(rn) = (0,1,2,...,(p" — 1)). This possibility is used in order to double-check the
results obtained from using the formula in this paper.

In Section 2 it is shown how to find an infinite numerical sequence of expo-
nents ordy, (rn1) = ord, (0!,11,2!, ..., (p7 — 1)!) for an infinite numerical sequence of
factorials (r,1) = (0!,11,2!, ..., (p" — 1)!) for an infinite numerical sequence (r,) =
(0,1,2,...,(p" = 1)), with n = 0,1,2,...,00. For that one uses the numerical se-
quences (a) = (0,1,2,...,(p — 1)). The numerical sequence (Ap,(rn)) of the given
prime number p from a certain numerical sequence (r,,) one obtains as a sum of the
numerical sequences (a) = (0,1,2,...,(p—1)):

Variation I. (cf. Formulae (2.12) and (2.13))

Lpn 1, 2, 3,0, n
(A ) = (@) (@) + (@) + .+ (@),
then
1
ordy (rn) = ord, (0L, 11,21, .., (p" — 1)) = 1 ((rn) = (Ap,(r))) -
p—

Apart from that, in the same section Variation Il.c is developed. It clarifies that

it is more convenient to use the following development of the numerical sequence

(Ap (r )) of the given prime number p from a certain numerical sequence (ry,) =
(rny

(o, 1,2, .., (pp”“ - 1)) step by step (cf. Formulae (2.19), (2.20) and (2.21)):

(( A:’I)(T"l )) + (A:’I)(T"l )) + (A:’IET’H )) + + (Az’p(Tnl >)) - (Z:)’(T"2)),
1, 2, 3, P
where
Lpr! 1, 2, 3., p"
(Ay () = (@) + (@) + (@) + -+ (@),
then
ordy () = ordy (02,2 (9 <1)) = 25 (00 = (A0

0 <m < (' =1),0<m < (P =1), (@ = (0,1,2.,p-1),
(rn,) = (O, 1,2,..., (pp" — 1)), O‘p,(pp”—l) =p"-(p—1), Nr. (apy(ppn_l)) =pP" —1,
(7””2) = (O’ 1’27“'7 (pp77+1 B ]‘))7 OéPV(pPTH'l*l) = p77+1 : (pf 1)& 0< n < oo, p 2> 27
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Nr. (an(ppvﬂ_l)) =" -1, appn =1, Nr.(apo) =0, apo =0.

In the third section the author describes how to find an infinite numerical se-
quence of exponents ord, (T(pn)!) = ord, (p-(0,1,2,...,(p" — 1)))! for an infinite
numerical sequence of factorials (r(pn)l) =(p-(0,1,2,...,(p" — 1)))! for an infinite
numerical sequence (rp,) =p-(0,1,2,...,(p7 — 1)), with n =0,1,2, ..., cc.

If using the numerical sequence (Ap,(rpn)) instead of the numerical sequence
(Ap’(rn)), where (r,) = (0,1,2, ..., (p"7 — 1)) and where (r,,) = p-(0,1,2, ..., (p7 — 1)),
one can shorten the calculation p-times. The exponent obtained this way in the
numerical sequence of exponents is written p-times repeated. Then one obtains
the numerical sequence (/) = (O, 1,2,..., (p”Jrl +p— 1)) instead of the numerical
sequence (1p,) = p-(0,1,2,..., (p7 — 1)). The numerical sequence (Ap7(rpn)) one has
to consider as sum of numerical sequences (a) = (0,1,2,...,(p — 1)):

Variation I. (cf. Formulae (3.9), (3.10), (3.11) and (3.12))

where

1) OT’dp (T(Pn)!) = Opo (p ! (Oa 1527 ey (p77 - 1)))' =

= p%l . ((T(pn)) - (Apv(r(pm))) '

If one writes every single exponent ord, (T’(p,n)[), one has obtained, p-times re-
peated, one obtains the numerical sequence of exponents for the numerical sequence
(r) = (0L, 10,2 (p7T = 1)), Leu:

2) ord, (r,) = ord, (O!, 120 (p"+1 — 1)!)

under the condition that (r,,) = p-(0,1,2, ..., (p" — 1)), (r},) = (0, 1,2, ..., (p”Jr1 — 1)),
p=220<n< oo

Again in the same section a Variation II.c is developed.
Variation II.c (cf. Formulae (3.21), (3.22), (3.23), (3.24) and (3.25))
If

A_p" A p" A p" A p" A pitl
= =p =p = =P
o)+ B ) F By ) H - 000 ) = )
s , p

and
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then

1) ordy (Tpmyy) = ordy ((O -pL(1-pL(2-pl .., ((ppwr1 - 1) ~p)!) =

pil ' (p' () = (AP’(T@-%)))) ’

if one writes every single exponent ord,, (r(,.mn,)), we have obtained, p-times re-
peated, one obtains the numerical sequence of exponents for the numerical sequence

(7’412) = (O, 1,2,..., (pp"HJr1 — 1)), i.e. if considering Remark 2 one obtains:

2) ord, (r’(nz)!) - (0!,1!,2!,..., (pp”“+1 — 1)!) .

Additionally to that one considers Remark 1, under the condition that
e =0,1,2,..., ( P 1) e =0,1,2, ..., (pp"“ - 1) ,

( p (o7 - ) =p- (ppn - 1) O (i) =P (P 1),
v a
n
)=

n+1
(i) =2 (P77 = 1) s, gy =9 0= 1),
< o0 p>2appn—1Nr(ap0)—0ap,0—0

? (0,12, (7" - 1)),
(r ):( O),(p-l),(p?)w--’(p'(ppnfl)))’
(rn )( , ,2,...,(1?”"+1 —1))>

- ((p 0).(p-1). <p~2>,...,(p~(pp"“fl)))v
1

In the fourth section another kind of numerical sequences is used, namely (Bp,(rn)) .
The exponent ord,n! for a certain number n in the prime factorization of n! is the
sum of all previous members of the numerical sequence (Bp,(rn)) and the last mem-
ber 3, ,» of the numerical sequence (Bp7(,.n)), which corresponds to the given num-
ber n. Every member f3,, () of the numerical sequence (B, ) has got a certain
number. We will determine the number of every member 3, (,..), in order to insert
every certain member f3,,(,, ) at a set position in the numerical sequence (B, (,))-
This method is used to find all exponents ord), (r,:) = ord, (0!,1!,2!, ..., (p")!) for
the given prime number p in the prime factorization of the given numerical se-
quence of factorials (1) = (0!,1!,2!, ..., (p")!). The numerical sequence (B, () is
(cf. Formulae (4.2), (4.7) und (4.8)):
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(Bp,(rn)) = (Bp,(rn)) = ((ﬁp,O) 75}7,176;),27 ‘“7517,17") =

2 2
0, 1,..., (=1), p, (P+1)sers (2p—1),2p, 2p+1)serr, (PP=1):p2, (PP H1),s (p7—1), p7,

= ((0),0,..., 0, 1, 0,.., O, 1, O, ..., 0, 2 0, ..., 0, m).
The numbers above each member are defined as follows:
a) The number of the first member £, ¢ is:
Nr.(Bpo) = Nr.(0) = (0) Definition,
(Bp.o) = (0) Definition,

b) the numerical sequence of the numbers for the numerical sequence of the mem-
bers (ﬂp,la ﬂp,27 Bp,?ﬂ ceey Bp,(p”fl)) is:

(Nr. (i) =p"- [(1,2,..(p = 1)+ (p- (0,1,2,..., (""" =1)))] .

At the same time each member is a number i , with ¢ =0,1,2,...,(n — 1)
c) The number of the last member (3, () is:

Nr.(n) =p".

The last member 3, (
the last number 7.

pn) of the numerical sequence (B, (,,) is simultancously

Then one obtains the numerical sequence of exponents

ordy (rn) = ord, (01,112 ..., (p")!) =

0 1 2 n=p"
= <Zﬁp,w726p,wa2ﬂp,wama Z ﬂp,l) =
=0 =0 =0 =0

((BPo) > (Bpo =+ Bp1), (Bpo + Bpa + Bp2) s -
ey (ﬂp,o + 5;;71 + Bp,Z + ...+ 6})71)”)) .

Additionally, one considers Remark 1 on page 20, under the condition that

0 S n S pna 0 S 1 S (77_1)7 0 S n S o0, (T’n) = (071,27-“,]77]), (T»,ﬂ) =
(0L,11,2), ..., (MY, Bp1 =0, Bpp = 1, Bpp> = 20Bppn =1, = 2, N7 (Bp0) = (0)
Definition and (8, 0) = (0) Definition.

Section 5 deals with the numerical sequence (Bp )) . One uses this numerical

(7 m)
sequence to obtain a better result with less effort. It would be very unpractical

to have an addition of zeros. For this reason one can spare oneself the work by

T(pn))> of the
exponents ord, (T(pn)!) = ord, (O!,p!7 2p)!, ..., (p"“)!). Thus, for the numerical

repeating every exponent p-times for the numerical sequence (Bp (

sequence (pr - ‘)> one obtains the numerical sequence of exponents ord, (/) =
ord, (01, 11,2, .., (p7™! +p—1)!).

The numerical sequence Bp’(
(5.6), (5.7) and (5.8)):

o) is composed as follows (cf. Formulae (5.1),
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(By o)) = (ﬁp,(r(pn))> = ((Br.v-0)  Bop1)> Bpu(p-2)s -+ By () =
0, p, .., (0°=p):p2, (P*+p),-, (7T =p), prtV
= ((0),1,., 1,72 1,7, 1, (np+1).
The numbers above each member are defined as follows:
a) The number of the first member 3, ¢ is:
Nr.(Bpo) = Nr.(0) = (0) Definition,
(Bp,o) = (0) Definition,
b) the numerical sequence of the numbers for the numerical sequence of the mem-
bers (Bp,1ps Bp,2-ps Bp,3ps s Bp.(pr—1)p) is:
(Nr.(i+1))=p"" - [(12,..,(p= 1))+ (p- (0,1,2,... (""" = 1)))] .
At the same time each member is a number i, with ¢ = 0,1,2,..., (g — 1).
c) The number of the last member 3, ,n+1 of the numerical sequence (Bp (e )))
is:
Nr.(np+1) =p"tl,
The last member 3, (,n+1) of the numerical sequence (pr(%n))) is simultane-
ously the last number n + 1.
Then one obtains the numerical sequence of exponents

1) ord, () = ordp ((p-0), (p- 1)L (p-2)L,..., (")) =

(p-0) (p-1) (p-2) (pm)=p"t*

P
D Botways D Boutom)s Y Boupays - B, (pa)
x=0 x=0 =0 0

= ((ﬂp’(p-o)) ’ (6117(1%0) + ﬁp,(p-l)) ) (ﬁp,(pO) + ﬁp,(pvl) + ﬁp’(zﬂ)) ’ e
aaL (6p»(p~0) + ﬂp,(p‘l) + 6:07(1%2) +..+ ﬁp,(p”“))) :

r=

If writing every exponents p-times repeated in the numerical sequence (Bp (e ))>
(rn
of the exponents ord, (T(pn)!) = ord, (O!,p!, 2p)!, ..., (p”‘“)!), one obtains for the

numerical sequence Bp () the numerical sequence of exponents:
\Tnt

2) ordy, (1) = ord, (01,11, 2!, .., (p"*' +p —1)1).

Additionally, one considers Remark 1 on page 20, under the condition that
n=0,1,2,..,p",i=0,1,2,....(n —1),n=0,1,2,...,00,(r,) = (0,1,2, ... p"),
(r)=(0,1,2,.., (" +p—1)), (rm) = (0L, 11,21, .., (p"))),

(ry) = (O!, 1,20 .., (p"+1 +p— 1)!) , (T(p,n)) = (O,p, (2p), ...y (p’7+1)) ,
(T(p.n);) = (()!,p!7 2p)!, ..., (p"+1)!) ,

Bpp =1,Bpp2 =2,Bpps =3,.., Bppntr =+ 1,p > 2,

Nr.(Bp,o) = (0) Definition and (8p,0) = (0) Definition.
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Here ordyn! = k is in the prime factorization of n! for an arbitrary certain natural
number n, if n € NNN={0,1,2,...,i},i =0, 1,2, ..., 00, the maximum exponent for
the given prime number p and therefore n! is divisible by p*. This is shown in
Chebyshev’s Formula (1.1), (1.2):

If

p<n o,
(1.1) n! = Hp a1 Lﬁj,

p=2
then

p"<n n

1.2 ord,n! = — .
(12) ? 2 {sz

=1
To explain more clearly what the numerical sequences (A, (,,)) and (B, () of

the given prime number p for a certain numerical sequence (r,,) are one has to look
at Table 1 (T.1).

2. THE NUMERICAL SEQUENCES (Ap,(rn)) FOR THE GIVEN PRIME NUMBER p OF
A CERTAIN NUMERICAL SEQUENCE (7y,).

In Table 1 (T.1) one first has to look at the numerical sequences (4, (,.)), where
is shown how in the derivation of Chebyshev’s formula the sums of the coefficients
a, are used to find in the prime factorization of n! the corresponding exponent for
the given prime number p for a certain positive integer 0 < n < oo.

Table 1 (T.1)

P=2

Azl ordan!| Bs |
o = 0-2° = (0-0) = 0 ig
o= 1.2 = (1-1) = 0 S
20 = 1-2! = (2-1) = 1 >0
3 = 1-2t41.2° = (3-2) = 1 S 9
4 = 1.2 = (4-1) = 3
5 = 1-2241.2° = (5-2) = 3 icl)
6! = 1-224+1.2! = (6-2) = 4
o= 1-2241-2041.20 = (7-3) = 4 iz
g = 1.23 = (8-1) = 7 >0
9 = 1.2541.20 = (9-2) = 7 S
100 = 1-25+41-2! = (10-2) = 8 >0
1 = 1-2541.2141.20 = (11-3) = 8
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A2J, OI‘dzTL!J, B2J,
> 2
120 = 1.2241.2? = (12-2) = 10 S
0
1B = 1-2241-2241.2° = (13-3) = 10 S
1
14 = 1.-22+41-2241.2 = (14-3) = 11 S
0
o= 1-2241-2241-21 420 = (15-4) = 11 S
4
6! = 2¢ = (16-1) = 15 S
0
o= 20420 = (17-2) = 15 S
1
18 = 2t42! = (18-2) = 16 >0
190 = 20421420 = (19-3) = 16 S
2
200 = 2%4+2? = (20-2) = 18 S
0
211 = 24422420 = (21-3) = 18 S
1
22! = 2442242 = (22-3) = 19 S
0
230 = 20422420420 = (23-4) = 19 S
3
241 = 24423 = (24-2) = 22 S
0
25! = 24423420 = (25-3) = 22 >
260 = 21423421 = (26-3) = 23 S
0
271 = 20423421420 = (27-4) = 23 S
2
28! = 24423422 = (28—-3) = 25 >0
29! = 24423422420 = (29-4) = 25 S
1
300 = 2423422421 = (30—-4) = 26 S0
31 = 24428422421 420 = (31-5) = 26 S s
320 = 25 = (32-1) = 31 >0

330 = 25420 = (33-2) = 31

P=3

A3¢ ord3n!¢ BgJ,
>0

o = 0-3° = 1-(0-0) = 0
>0

o= 1.3 = 3-(1-1) = 0
>0

20 = 2.3 = 1.(2-2 = 0
>1

3 = 1.3 = 1-3-1) = 1
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Az | ordgn! |

4 = 1-3"41-3° = 3-(4-2) = 1
5 = 1-3'4+2.3° = 1-(56-3) = 1
6! = 2-3! = 1-(6-2) = 2
7 o= 2.3141.3° = .(71-3) = 2
8 = 2.3'4+2.3° = 1-8-4) = 2
9 = 1.3 = 3-(9-1) = 4
0 = 1-324+1-3° = 1.(10-2) = 4
1 = 1-32+2-3° = 1-(11-3) = 4
120 = 1-32+1-3! = 3-(12-2) = 5
13 = 1-3241-3'41-3° = 1.(13-3) = 5
4 = 1-3241-3'42.3° = 1.(14-4) = 5
15 = 1-3242.3! = 1.(15-3) = 6
16 = 1-32+2.3'41.3° = 1.(16-4) = 6
17 = 1-32+42.3142.3° = L.(17-5) = 6
18! = 2.3 = 1.(18-2) = 8
9 = 2.32+1-3° = 1-(19-3) = 8
200 = 2.32+42.3° = 3-(20-4) = 8
21! = 2.32+4+1-3! = 1-(21-3) = 9
220 = 2.3241-3'41.3° = 1.(22-4) = 9
230 = 2.3241-3'+2:3° = 1.(23-5) = 9
24 = 2.32+4+2.3! = 1-(24-4) = 10
25! = 2.3242.3'41.3° = 1.(25-5) = 10
26! = 2.3242.3'42.3° = 1.(26-6) = 10
270 = 1.33 = 1-(21-1) = 13
28! = 1-33+41.3° = 1.(28-2) = 13
29! = 1.3%3+4+2.3° = 1-(29-3) = 13
300 = 1-33+41-3 = 3-(30-2) = 14
3 = 1334131 +1:3° = 1.(31-3) = 14
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Az | ordszn! |

320 = 1-334+1-31+2:3° = 1.(32-4) = 14
33 = 1.33+4+2.3! = 1-(33-3) = 15
34 = 1-3342:31+1:3° = 1.(34-4) = 15
3Blo=> 1-334+2.31+2.3° = 1.(35-5) = 15
P=5

As | ordsn! |
o0 = 0-5° = 1-(0-0) = 0
1 = 1.5 = 1.(1-1) = 0
20 = 2.50 = 1-(2-2 = 0
3l = 3.5 = 1-3-3) = 0
4 = 4.5 = 1.(4-4) = 0
5 = 1.-5'40-5° = 1.(6-1) = 1
6 = 1-5'+1-5° = 1(6-2) = 1
7 = 1.5'42.5° = 1.(71-3) = 1
8 = 1-5'+3.5° = 1-8-4) = 1
9 = 1-5'44.5° = 1.09-5 = 1
10 = 2.5'4+0.5° = 1.(10-2) = 2
1 = 2.5'+1.5° = :-(11-3) = 2
120 = 2.5'4+2.50 = 1.(12-4) = 2
13 = 2.5'+3.5° = $-(13-5) = 2
14! = 2.5'4+4.5° = :-(14-6) = 2
15! = 3.5 = 1.(15-3) = 3
16! = 3-5'+1-5° = 1-(16-4) = 3
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As | ordsn! | Bsl
1M = 3.-5'+2.5° = :-(171-5) = 3 >0
18! = 3-5'+3-5° = 1.(18-6) = 3 >0
19! = 3.5'+4.5° = 1-(19-7) = 3 >0
200 = 4.5 = 1-(20-4) = 4 >
21! = 4.5'+1.5° = 1-(21-5) = 4 iz
22! = 4.5'+2.5° = 1-(22-6) = 4
231 = 4.5'4+3.5° = 1.(23-7) = 4 >0
24! = 4.5'+4.5° = 1-(4-8) = 4 >0
25! = 1.5% = 1-(-1) = 6 > 2
26! = 1-52+41.5° = 1.(26-2) = 6 >0
277 = 1-5%+2.5 = 1-(27-3) = 6 >0
280 = 1-5243.5° => 3-(8-4) = 6 >0
29 = 1.5244.50 = 1.(29-5) = 6 >0
300 = 1-52+41-5! = 1-30-2) = 7 >1
3 = 1-5241-5'+1.5° = 1.(31-3) = 7 >0
320 = 1-524+1-5'+2.5° = 1.(32-4) = 7 >0
331 = 1-5°41-5'+3.5° = $.(33-5) = 7 >0
34 = 1-5241-5'4+4-5° = ;-(34-6) = 7 >0
35! = 1-5242-5! = $-3-3) = 8 >
36! = 1-524+2.5'+1.5° = 1.(36-4) = 8 >0
3 = 1-5°42.5'+2.50 = 1.(37-5) = 8 >0
38 = 1-5242.5'+3.5° = §.(38-6) = 8 >0
390 = 1-5242:5'44.50 = 1.(39-7) = 8 >0
40! = 1-5243-5! = 1-(40-4) = 9 >t

ete.

The numerical sequence with the members (., )) with the members oy,
consisting of sums of coefficients > a,, which correspond to n! for the given prime
number p of the single given positive integer 0 < n < oo, is the numerical sequence
(Ap7(Tn)) for the given prime number p from a certain numerical sequence (r,) =
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(0,1,2,...,n) of the members 0 < n < co.! That is:

(2.1) (Ap,(rn)) = (O‘p,(rn)) = (0p,0, Ap,1, p,2, Ap,3, -0 Ap ) -

One writes the derivation of Chebyshev’s formula to show how to find the sum
of coefficients > a, for the certain positive integer n = 0,1,2,...,00 for the given
prime number p:

n=ag+a-p+ay-p+..+azp°

p*<n
QApp = Sp = Z ar = ap+ai +ag + ... + ag,
t=0
0 S Q¢ S pP— 1,
n—S
2.2 d.n! = n
(2.2) ordy,n b1
or
ordy (rm) = ord, (01,11, 2!, ... n!) =
1 1 1 1
= <p_1 '(O_O‘p,O)api_l '(1—Oép71),p_1-(2—0&1),2),...,1)_1-(n—o(p,n)> =
1 1
- p—1 ((0,1,2,.m) = (O‘%O’O‘P,l?a%% ""O‘p,n)) = pj ’ ((7’7,) - (ap,(rn))) =
1
= () = ()
e GOl CXE)))
(2.3)
or
p<n
1
(2.4) (Tn!) = H pr-1 - ((Tn) _ (Ap,(m)))v
p=2
at
p =2,
0<n< oo,

(rn) =(0,1,2,...,n),
(rm) = (0L, 11,2],...,nl)

(AP,(M)) = (ap,(rn)) = (Qp,05 Ap,15 Ap 25+ -+, Ap ) -

Below is shown how the numerical sequence (Ap,(rn)) for the given prime number
p from a certain numerical sequence (r,) looks in its development. Then the law
of formation of the numerical sequence (Ap,(rn)) for the given prime number p will
be written, with which any member of the numerical sequence can be determined.

Lef, Maraev, Said - Development of Chebyshev’s formula for prime factorization of n! as a prod-
uct of the prime numbers p with the corresponding exponents, and the derivation of Chebyshevs
formula; in a forthcoming paper.
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The numerical sequences (4, (..)) for the given prime number p from a certain
numerical sequence (r,) = (0,1,2,...,n) and the number 1 are:

(A1) 0,1,2,3,4,5,...),

(Asry) = (0,1,1,2,1,2,2,3,1,2,2,3, 2,3,3,4,...),

(Asry) = (0,1,2,1,2,3, 2,3,4, 1,2,3, 2,3,4, 3,4,5,...),

(As,ry) = (0,1,2,3,4,1,2,3,4,5, 2,3,4,5,6, 3,4,5,6,7, 4,5,6,7,8,...),

2.1. The numerical sequences (Ap’(rn)) for the given prime number p from
a certain numerical sequence (r,) = (0,1,2,...,n) in the development.

p=2,
oA (20—1)
0) 2°= (0)(, )
0, (2'-1).
(1) 2'2(0, 1),
0, 1, 2, (2271>.
2) 222(0,1,1, 2°),
0,1, 2, 3, ..., (2°-1).
(3) 2°£(0,1,1,2,1,2,2, 3, )
4N, 00123 2*-1).
4) 2*=(0,1,1,2,1,2,2,3,1,2,2,3,2,3,3, 4 ),
etc
p=3,
)
0) 3= (0), o
0, 1 3t—1
(1 3'2(0,1, 2 ),
0,1, 2, (3°-1
(2) 32£(0,1,2,1,2,3,2,3, 4 ),
A0 L2 ., (3%-1).
(3) 3°=(0,1,2,1,2,3,2,3,4,1,2,3,2,3,4,3,4,5,2,3,4,3,4,5,4, 5, 6
etc.
p=29,
oA (5°-1)
0) 5= (0), -
0,1, 2, ..., (8"=1).
(1) 5'2£(0,1,2,3, 4 ),
o A 01,23 (5271)_
(2) 5 7(07172,374? 132)3,4757 2737435;6, 3;475,677, 475,6,7, 8 ),

),
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0, 1, 2, 3, ...

(3> 53 é(0317272;74:7 172’374)57 27374’5?67 3’475)6777 475’677787
1,2,3,4,5, 2,3,4,5,6, 3,4,5,6,7, 4,5,6,7,8, 5,6,7,8,9,
273’47576’ 374)576777 4’5?677’87 5)67778797 67778797 107
3,4,5,6,7, 4,5,6,7,8, 5,6,7,8,9, 6,7,8,9,10, 7,8,9,10,11,

L, (3%t
4,5,6,7,8, 5,6,7,8,9, 6,7,8,9,10, 7,8,9,10,11, §,9,10,11,
etc.

Every prime number with the certain exponent {k = p*} left of the numerical
sequence (Ap,(rn)) is the monitoring number k. With the help of the monitoring
number one can find out the size of the numerical sequence (Ap,(rn)), i.e. of how
many members of the numerical sequence o, , the numerical sequence (4, ., ) for
the given prime number p from a certain numerical sequence (r,) consists. The
number of members o, ,, of the numerical sequence (Ap,(rn)) equals the monitoring
number k.

2.2. Law of formation for the numerical sequence (Ap,(rn)) for the given
prime number p from a certain numerical sequence (7).

(1) (Ap,(r,)) is a numerical sequence in which every member o, , is a positive

integer from 0 up to (p — 1) - n, where 0 < < oo:
(2.5) 0<apn<(p—1)-n

(2) (a) Every single member c,,, of the numerical sequence (4, (.. )) corre-
sponds to a certain number, i.e.

(2.6) (Ap»(rn)) = (ap,(rn)) = (ap,()aap’bap,%apﬁv~-~70‘p,(p’"71)> )
Nr.(opn)=n=0,1,2,...,(p" - 1),
where
0<n<oo.
(b) The numerical sequence (Ap,(rn)) is the same numerical sequence con-
sisting of the members (ap,(rn)), which consists of the single members
Qp s i€
(27) (Ap,(rn)) = (ap,(’l“n)) = (ap,07 ap717 ap,2) '-'7ap,(p7771)) I
(Nr.Nr. (ozp7(rn))) =(r,) =1(0,1,2,...,(p" — 1)),
where
0<n< oo,
2<p< oo,

0<n<(p"-1),
(rn) = (0,1,2, ..., (p" — 1)).

Here (r,,) is the numerical sequence of the members n.
(3) The numerical sequence (Ap’(,,n)) corresponds to the monitoring number
(k=p"), ie.

(2.8) (Ap.ry) = (k=p").



NUMERICAL SEQUENCES (A, (-,)) AND (B, (r,)) 15

(4) The sum of all members oy, , of the numerical sequence (4, (,.)) equals

p"—1
(2.9) Z Qpn =

n=0

(p=1)-n-p".

N | =

(5) The last member ay, (pr—1) of the numerical sequence (Ap’(rn)) equals

(2.10) ap. -1y =(@—1)-n.
(6) The quantity Q( Ay o) of all members ay, of the numerical sequence
(Ap.(r)) equals

(2.11) Qa, ) =P

where

2<p<oo
0<n<oo.

(7) Variation I. The numerical sequence (Ap,(,.n)) has to be considered a sum
of numerical sequences (a) = (0,1,2, ..., (p — 1)):

Lpn 1, 2, 3, n
(A, ) =(a)+(a)+ (a) +..+(a) =
= ((0,1,2, ..1.’, (p—1))+(0, 1,2,%?., (p—1) 4t (0,1,2, o (p— 1)),

(2.12)

(2.13) ordy (rny) = ord, (0L, 11,2, .., (p" — 1)) = p%l () = (Ap,ir)))

and

a)=1(0,1,2,...,(p—1)),
rn) =(0,1,2,....(p" — 1)).



16

(2.14)

(2.15)

SAID MARAEV

Then
293 1, 2, 3,
(A 2,(0,1,2,...,(2371))) = ((a)+(a)+(a)) =
1, 2, 3,
= ((0,1)+(0,1)+(0,1)) =
0, 1,2 .., 2°-1).
= (0,1,1,2,1,2,2, 3 ).
And

ordy (01,1121, .., (2> = 1)1) =

0, 1, 2, ..., (2°-1).
= 7'((Oa1727~-'7(23_1))_(07171523172727 3 )) =

= (0,d>17'i’a3,3747 4 )

Variation Il.a. The sum of the numerical sequences (Ap (r )), where 1 <
i < 00, adds up to the complete numerical sequence (Ap,(rn))~ While every
numerical sequence (Ap (rn)) possesses a corresponding monitoring num-
ber (k= p®i), the complete numerical sequence (Ap7(rn)) itself possesses
a corresponding monitoring number (k = p*1 2Tt L) which is the
given prime number p, consisting of the sum of all exponents correspond-

ing to every monitoring number of every numerical sequence (Ap (r ))
s\T'n;

=p =p*2 Lp¥3 . Lpoi Apriteategt.

))+"'+(Ap,(7"ni))): ( Ap,(rn) ).

With
Ly 1, 2, 3., @
CA ) = (@) + (@) + (@) + .+ (@) =
=((0,1,2, 1 (p—1))+(0,1, 2,?.’2’,"@ D)) e 4 (0,1,2, 0 (p— 1)),
Lp%2 1, 2, 3,y T2
(A () = (@ + (@) + (@) + o+ (0)) =

= ((0,1,2,.... (p— 1))+ (0,1,2, ..., (p — 1)) 4. + (0, 1,2, ..., (p — 1)),

(A o) = (@) + (@) + (@) + o+ (@) =
(01,2 (= 1) £ (01,2 o= 1) o (0, 1,2 (p— 1)),
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Then
ordy (rn) = (0!, 1,20 (pz1+x2+z3+'“+zi — 1)!) =
1
(2.16) = oop () = (i)
and
1 S Xy S o,
2 <p < oo,
0<n<("-1),
1=1,2,3,...
(a) =(0,1,2,...,(p—1)),
(Tni) = (07 17 27 sy (px7 - 1)) )
(TTL) = (Oa la 2) “eey (p11+mz+z3+...+xi - 1)) .
Ezample 2. Variation Il.a.
p=2,
xrp = 1,
T2 = 27
r3 =
Then
Lot L92 L93
((0,1)+(0,1,1,2)+(0,1,1,2, 1,2,2,3)) =
£96
0, 1,2 3, ..
= (07171’2’ 1’272737 17272737 273’3747
1727 27 3’ 2737 3747 27 37 3747 37474)5?
1727 27 37 2737 3747 27 37 3747 37474757
., (25-1).
2,3,3,4, 3,4,4,5, 3,4,4,5, 45,5, 6 ).
Variation II.b. The sum of equal numerical sequences (Ap (r )) adds
\Tnq
up to the complete numerical sequence (Ap,(,,n)). The number of these
equal numerical sequences (Ap (ra) is denoted as the quantity y. Each of
(g
these equal numerical sequences (Ap (rn )> possesses a monitoring number
(k1 = p™). Then the complete numerical sequence (Ap,(,.n)) possesses a
corresponding monitoring number (k = p**'¥). All this is expressed as:
Lpo1 LpTt . Ay Lpm1y
(2.17) ((Ap7(ml)) + (Ap7(rnl)) +...+ (AI%(TM))) = (Ap,(r)) -

1, 2, Yy
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1 2

— ((0,1,2, e (p = 1)) 4 (0, 1,2, s (p— 1)) e 4 (0, 1,2, 0 (p — 1)),
(2.18)
ordy (rny) = ord, (0L, 1020 . (™Y —1)!) =
(2.19) = ]% ((rn) = (Ap,)
and
1<z < oo,
2<p< o0,
0<n< (™ —1),
(a) =1(0,1,2,...,(p—1)),
(rn) = (0,1,2,..., (p™ — 1)),
(rn) = (0,1,2, ..., (p™¥ — 1))

Ezample 3. Variation II.b.

p:23
$1=2,
y=3,

(rn,) = (0,1,2,..., (22 = 1)),
(ra) = (0,1,2,..., (2°% - 1)).

Therefore
L92 Aog2 Ag2

((0,1,1,2)+(0,1,1,2) +(0,1,1,2)) =
1, 2, 3.

L£96

(0,1,1,2, 1,2,2,3 1,2,2,3, 2,3,3,4,
17272737 27373747 27373747 37474757
1,2,2,3,  2,3,3,4, 2,3,3,4, 3,4,4,5,

o, (25-1).
2737 37 47 3? 47 4)57 3)47 47 5? 47 5? 57 6 )

Variation Il.c. It is more convenient to use step by step the following
development of the numerical sequence (Ap,(rn)) for the given prime number
p from a certain numerical sequence (r,):

A,pT Ap" A,p7 Ap7 A pntl
Zp Zp Zp Zp Zp
(2.20) ((Ap,grnl)) T (Ap,grnl)) + (Ap7(g”1)) Tt (Ap,(rnl))) = (Ap,(mz))’
s , s ooy p



(2.21)

(2.22)

NUMERICAL SEQUENCES (A, (-,)) AND (B, (r,)) 19

épP" 1, 2, 3, p"

CA o)) = (@) + (@) + (@) 4o ) =

(O L2 (0= 1) (0, 1,2 o= 1)) et (0,12, 1 (p— 1)) =
0, 1, 2,..., (" -1)

= (07 17 2 DERER) (p_ 1) 9 "'apn : (p_ 1)))
ordy (rmyy) = ord, (0!,1!,2!,..., <pp+ _ 1)!) -

L
< a2 () -

—(0,1,2,..., (" - (p—1)))),

if0<n < (pP" —1),0<ny < (pp"“ — 1)7 (a) =(0,1,2, ..., (p— 1)),
(rny) = (0,1,2, ..., (p*" — 1)) (ot —1) =P (P — 1),
Nr. (ap?(ppn_l)) =" — 1, (r,) = (0,1,2, (pp”“ _ 1))

n+1

-1

)

Oép7(ppn+1_1) = p77+1 . (p — 1), Nr. (ap’(pp"Jrl )> — pp
0 S n S 0, P Z 2, ap,pﬂ = 17 NI“ (apyo) = 07 ap)o — 0.

Ezxample 4. Variation Il.c
p=3,n=1, (rn) = (0, 1,2, ..., (331 ))

(Fny) = (0,1,2,..., (331“ - 1)) (@) = (0,1,2),

2331 2330 é330 2330
(AS ) = (07172)+(07172)+(07172) =
(rna) 1, 2, 3.
0,1, 2, 331—1).

=(0,1,2,1,2,3,2,3,4,1,2,3,2,3,4,3,4,5,2,3,4,3,4,5,4, 5, 6 ).

Then
/\331 £331 A331 331+1
((AS,grnl)) + (A, ) (Ag,grm))) (A5.(r,.,))
0, 1,2 .. L (3.
(0’1727172’372’37471’273’27374’374)57273’473)47574’5’ 6 )+
0,1, 33 1
—|—(O,1, ,123,2,34,1,2,3,2,3434523434545 6 )+
0, 1, 331—1)

+
+
9
J—
o
.
[N}
[O%)
[N}
(o8]
IS
=
[N}
\'CAD
\'M
w
o~
(O8]
N
ot
[N}
w0
o~
[J%)
IS
ot
o~
ot
[«))
-
Il
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0, 1, 2, ... 3 -1).
= (0,1,2,1,2,3,2,3,4, e , 16,17, 18 ).
Then
ords (r(m)!) =
gl+1 1
= ords (0!,1!,2!,..., (3 - 1)!) == ((rng) - (AB’(T”Q))) -
1 1
= ((0,1,2,..., (331+ - 1)) —(0,1,2,1,2,3,..., (311 - (3 — 1)))) _
0, 1,2 .. L (3,
= (070?03 1’17 1727272’474747575’576767678’878797979’ 10? 10? 10 )
.................................................................... 9832,9832, 9832 ).
Remark 1. (1) The sum of several numerical sequences (Ap,(rn)>- We will look

(2)

at the case of a sum of two numerical sequences (Ap,(rn)) as an example
because it is transferable to other cases:

((a,b,c) + (a,b,¢)) =
=((a+a),(a+b),(a+0),
(b+a),(b+0b),(b+c),
(c+a),(c+b),(c+0)).

The difference between the numerical sequence of numbers and the numeri-
cal sequence (Ap}(rn)) is the numerical sequence consisting of those numbers
one has obtained as a result after having subtracted every number of the
latter numerical sequence from every number of the first numerical sequence
according to the order of every member in these numerical sequences.
E.g.:

p =3,

(0,1,2,3,4,5,...,n) — (0,1,2,1,2,3,...,(n—2-1)) =

=(0,0,0,2,2,2,...,2-1).
Where

t=0,1,2,...,00,

2-t<n.
The division of one numerical sequence by a certain positive integer ¢ means
to divide every single member of this numerical sequence separately in the
correct order by the positive integer t. Then one obtains a new numerical
sequence as a result.
E.g.

(0,0,0,2,2,2,...,2-¢):2=(0,0,0,1,1,1,...,¢).
The multiplication of a numerical sequence with a certain positive integer
t means to multiply every member in the correct order separately by ¢ and
thus obtaining a new numerical sequence.

(0,0,0,1,1,1,...,t)-2=(0,0,0,2,2,2,...,2-1).
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Remark 2. In the numerical sequence (r,) = (0,1,2,...,n) the prime number
p > 2,p € (ry) is repeated as a product (p-n) for all n > 0,n € (r,). Because of
this rule in the prime factorization of every single n! as product of prime number
with the corresponding exponents in the complete given numerical sequence of
factorials (rn) = (01,11,2!, ..., n!), where one finds the corresponding numerical
sequence of exponents ordy, (rn,1) = ord, (0!,11,2!,... n!), the outcome of this is
a change of exponent only for those numbers from factorials (or members of the
numerical sequence of factorials) with the values equal to (p - n)!. That means that
for one given prime number p all numbers of factorials (or members of the numerical
sequence of factorials (p-n)! and (p-n+0,1,2,...,(p — 1))!) have got p-times the
same exponent ord, (p-n)! =ord, (p-n+0,1,2,...,(p— 1))

Those are all the rules for the numerical sequence (Ap,(rn)) for the given prime
number p from a certain numerical sequence (7).

Below is shown how one finds the complete numerical sequence of exponents
which corresponds to the numerical sequence of factorials
(rn1) = (0L, 11,20 ... (p" — 1)!) for a given prime number p from a certain numerical
sequence (r,) = (0,1,2,...,(p" — 1)).

Note 2. Variation I is used to show more clearly the method of how to find the com-
plete numerical sequence of exponents. But in order to find the complete numerical
sequence of exponents practically one uses Variation Il.c.

2.3. The formula which shows how one finds the complete numerical
sequence of exponents which corresponds to the numerical sequence of
factorials (r,) = (0!,1,2! ..., (p" — 1)!) for a given prime number p from a
certain numerical sequence (r,) = (0,1,2,..., (p" — 1)). Variation I

With Formula (2.12) again:

Lpn 1, 2, 3. n
((a)+ (@) + (a) + ... + (a)) =
=((0,1,2, 1 (p—1))+ (0, 1,2,%.7:‘,.,(]9 — 1)) +...+ (0,1,2, o (p—1))).

—~
S
=
=
)
~
I

Then Formula (2.13) again:

ordy (rny) = ord, (01,1120 .. (p" — 1)) =
= () = () =
= I% ’ ((0’ L2, .., (pn - 1)) - (AP»(Tn)>) :

Additionally, one takes Remark 1 on page 20 into account under the condition that
n=20,1,2,..,(p"—1),(rp) =(0,1,2,...,(p" — 1)),

(ro) = (0L 120 (p" — 1)), (a) = (0,1,2,...,(p— 1)),

n=12,3,...,00,appm =1,p>2,Nr.(ap0) =0,a,0 =0.
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Variation Il.c
At (cf. Formula (2.20), (2.21) and (2.22))

((A;(:%)) + (A;;M)) +(A, (Z)) 4o (A:an))) . (1‘1::(7«"2)%

A p" 1, 2, 3, p"

(A ) = (@) + (@) + (@) + o+ (@) =

=((0,1,2, 1 (p— 1))+ (0, 1,2,%.7:.,.7(;0 — 1)) +...+(0,1,2, ,, (p—1)) =
0, 1, 2,.., (»*" 1)

= (07 ]-7 ,2 7"'7(p7 1)7"'apn : (pf 1));

ord, (T(nz)!) = ordp, (0!7 11,21 ..., (panrl - 1)!> - L ' <(Tn2) - (Ap’(r“2)>> -
1

. ((07 1,2, .., (pp"“ - 1)) —(0,1,2, .0, (p" - (p— 1)))) .

p—1

Additionally, one takes Remark 1 on page 20 into account under the condition
that 0 <n; < (pp"—l) 0<ng < (pp _1)

() = 0.1.2 7" = 1) 0 ) =7 (1.
Nr. (aﬂ(ppn_l)) =p" — 1, (rp,) = (0’ 1,2, ... (ppn+1

O‘pﬁ(pzﬂwlfl) = p77+1 ' (p - 1)7 Nr. ( pp”+1 ) ( P ) y
(a) =1(0,1,2,...,(p—1)), O§n<oop>2
appn =1, Nr (apﬁo) =0, ap0=0.

The programme ‘A.py’ to calculate (Ap,(rn)) (Variation IL.c) can be found in
Appendix B on page 49 to be used with the programme ‘NumSequence.py’ (Helper
module) in Appendix A on page 47. One can compare the results to those from
Chebyshev’s Formula (1.2) - ‘Chebyshev.py’ - in Appendix D on page 52.

3. THE FORMULA FOR SHORTENED RESULTS FOR THE COMPLETE NUMERICAL
SEQUENCE OF EXPONENTS, WHERE ONE USES THE NUMERICAL SEQUENCE
(Ap,(rm)) FOR THE GIVEN PRIME NUMBER p AND THE GIVEN NUMERICAL

SEQUENCE (7pp,)

If instead of the numerical sequence (Ap7 (r) ) where
(rn) = (0,1,2,...,(p" — 1)), one uses the numerical sequence (A, ), where
(rpn) = ((0-p),(1-p),(2-p),....,((p" —1) - p)) then one can shorten the calcu-
lations p-times. The exponent obtained this way in the numerical sequence of
exponents one writes p-times repeated and thus, instead of the numerical sequence
(Tpn) = ((0‘]7);(1 -p)7(2~p),...,((p77 - 1) 'p))7 one obtains
(r,)=(0,1,2,..., (p"" +p—1)). (Remark 2, p. 21).
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3.1. Initially one looks at the numerical sequences (Ap)(rp")) for the given
prime number p from a certain numerical sequence (r,,) in the develop-
ment.

p:2a
. 0_
o a 2.(20-1).
(0) 2°= (O)E )
0, 2:(2'-1).
(1 2= (0, 1),
0, 2, 4, 2:(2°-1).
2) 222 (0,1.1, 2 ),
0,2 4,6, ... .. 2(2°-1).
(3) 222 (0,1.1,2,1.2.2, 3 ),
LA 0246 Lo2(24-1).
4 2=1(0,1,1,2,1,2,2,3,1,2,2,3,2,3, 3, 4 ),
etc.
p =3,
0 A 3-(3°-1)
0 3=( o0 ()7 |
0, 3, 3:(3'-1).
1 32 (0,1, 2 ),
0, 3, 6, .. ., 3(32-1).
2 322 (0,1,2,1,2,3,2.3, 4 ),
3 A 03,6 ., 3(3%-1).
(3) 3= (0,1,2,1,2,3,2,3,4,1,2,3,2,3,4,3,4,5,2,3,4,3,4,5,4, 5, 6 ),
etc.
p=9,
5:(5°-1).
A
0 5°=( 0 ),
) 0, 5, 10, ..., 5(5"=1).
(1 5'= (0,1,2,3, 4 ),
5 A 0.5,10, 15 . ., 5(5%=1).
(2) 5= (0,1,2,3,4, 1,2,3,4,5, 2,3,4,5,6, 3,4,5,6,7, 4,5,6, 7, 8 ),
3 A 5.0, 51, 52, 53, ...
(3> 5 = ( Oa 17 27 3 a4a 172a3a4757 273743576a 374a57677a 4757677587
1,2,3,4,5, 2,3,4,5,6, 3,4,5,6,7, 4,5,6,7,8, 5,6,7,8,9,
2?37475767 374)576777 4757677)87 5’67778?97 677’8797 107
374,576,77 4,5,6,7787 57677;8;9, 6a7,8797 107 778793 103117(
5-(5%—1
4,5,6,7,8, 56,7,8,9, 6,7,8,9,10, 7,8,9,10,11, 8,9,10,11, 12 ),

etc.

3.2. Law of formation of the numerical sequence (Ap’(rpn)) for the given

prime number p from a certain numerical sequence (r,,).
(1) (Ap,(r,n)) is a numerical sequence, in which each member o, () is a posi-
tive integer from 0 up to (p — 1) - n, i.e.:

(3.1) 0<ap@n<P-1)-n
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(2) (a) Every single member a, (,, of the numerical sequence (A, .,.)) cor-
responds to a certain 0 < n < (p7 — 1), i.e.
(32) (Ap,(rpm)) = (O, (p-0)> O, (1) X, (92) 3 O, (p-(p7—1))) »

the number of each member a, () of the numerical sequence (Ap,(rpn))
is the number p - n, which can be found as

(3'3) Nr. (O‘Zb(lm)) =p-n=p- (O, 1,2,.., (pn - 1)) s
where
0 < appn <(p=1)-7.
(b) (Ap,(rpn)) is the same numerical sequence of the members (ap7(rpn)),
which consists of the single members a,, (,n)

(Apy(’l‘pn)) = (ap7(Tpn)) = (ap7(17~0)70‘p,(p‘1),Oép7(p.2), "'7ap,(p‘(p"—1))) ,
with
B4 (NrNT () = (rpn) = ((00), (0 1) (2 2) s (- (07 = 1)),
where
0<n<("-1),
(Tn) =(0,1,2,..., (pn — 1)) ,
(Tpn) =p (0’ 1’ 27 ot (p"7 - 1)) ’
p>2
0<n<oo

Here (r,,) the numerical sequence of the members n and (rp,) is the
numerical sequence of the members (p - n).
(3) The numerical sequence (AMTM)) corresponds to the monitoring number

(k=p"), ie.
(3.5) (Ap,(ry)) 2 (b =p").

(4) The sum of all members a,, (,y,) of the numerical sequence (Ap,(r,m)) equals

p"—1
1
(3.6) > iy =5 (=1 0P
n=0

(5) The last member o, (,.,n—1) of the numerical sequence (Ap’(rpn)) equals

(37) Ap (p-pn—1) = (p - 1) UL

(6) The quantity Q< A ) of all members «, (,,,) of the numerical sequence

p(rpn)
(Apx(Tpn)) equals

3.8 =p",

(3:8) Q) =P

where
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(7) Variation I. The numerical sequence (A, (,,.)) one has to see as sum of
numerical sequences (a) = (0,1,2,...,(p — 1)):

Apn 1, 2, 3., n

(A ) = @)+ (@) + (a) + ...+ (a) =
0,1, 2, ..., (p=1) 0, 1, 2, .. 2, ...,

((0,1,2, % (p—1))+ (0, 1,3, wu@—1)+..4(0,1,2,...,(p—1))) =

)

0, 1, 2, ..., (P=1), ., (»"-1)

= (071727 7(p71)7~ 7(77'(1771)))’

Lpn 1, 2,  3,., n

(A, am) ((a) + (a) + (a) + ... + (a)) =
0-p, 1-p, 2-p,..., (p—1)-p 0-p, 1-p, 2-p,..., (P—1)p

= (( ) 9 ’17(p_1))+(07 ’ ) a(p_l))+
0-p,1-p, 2:p,..., (p=1)p
~+(0, 1, 2., (p—1)) =
n
0-p, 1-p, 2-p,..., (p=1)p, ..., (P"=1)p
(3.10) = (0, 1, 2,..,(p=1),....n-(p—1)),
1) ordy (rpny) = ordy(p-(0,1,2,...,(p" — 1)) =

(3.11) = ]% (o) = (Anr)) -

if one writes every single exponent ord, (r(p,n)!)7 which one has obtained,
p-times repeated, one obtains the numerical sequence of exponents for the
numerical sequence (r},,) = (O!, 11,20, (p”"‘1 — 1)!)7 i.e. if one takes Re-
mark 2 (p. 21) into account one obtains:

(3.12) 2) ord, (r},) = ord, (01, 11,21, .., (p"T" = 1)1).

and

(8) Variation II.a. The sum of the numerical sequences <Ap (T )), where
(T,

1 <7 < o0, results in the complete numerical sequence (Ap,(r,m))~ If every

numerical sequence (Ap (rp.n,)) possesses a corresponding monitoring num-

ber (k; = p*i), then the complete numerical sequence (Ap,(r,,n)) possesses on
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(3.13)

(3.14)

(3.15)

(3.16)

SAID MARAEV

its part a corresponding monitoring number (k = p*1 @2+ +Ti) which
is the given prime number p, consisting of the sums of all exponents corre-

sponding to each monitoring number of each numerical sequence (Ap (rpn, )> :

Lpot Lpe2 LT3, LpTi

((Apa(rp‘nl )) + (Apv("'P-n2 )) + (Apv("'?-ns )) + o+ (Apv("'z)‘ni )))

épm1+m2+mg+...+mi

=0 A )
Where
Lp®1 1, 2, 3,... z1
Ay () = ((@+(a)+ (a) +.. +(a)) =
p-0, p-l, p2,.., p(p—1) -0, p-1, P2y, P(P=1),..
= (( 0,1 ?217 ,(p_l))+(07 1 a22a-~a (p—l))+
p-0, p-1, P2,..., p-(p—1)
+( 0 ) 1 727"'7 (p_l)))v
z1
ép% 1, 2, 3,..., o
(A () = @+ () +(a) +... +(a)) =
p-0, p-l, sy Pr(P—1) p-0, p-1, p-2,..., P (P—1),...

p-0, p-1, p2,.., p(P—1)
+(07 1 727"7(])*1)))7

Sp*i 1, 2, 3., .
(A () = (@+(@)+ (@) +.. +(a)) =

0, p-1, p2,..., p(p—1)
0B ),
where
1) Opo (’I"(pn)!) = O’I"dp (P . (07 17 2a ) (px1+x2+x3+m+xi - 1)))' =

- ()

if one writes every single exponent ord, (r(p_n),), which one has obtained,
p-times repeated, one obtains the numerical sequence of exponents for the
numerical sequence (r},) = (0!,11,2!, ..., (p®rT#2teattotl _1)1) e, if
one takes Remark 2 on page 21 into account one obtains:

2) ord, (r},) = ord,, (01, 11,21, .., (p™ F#etesttrtl _ 1))
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and
1<z < oo,
2<p< oo
(a) =(0,1,2,...,(p—1)),
0<n< (" -1),
i=1,2,3,

1 .
(rn;) = (0,1,2, .., (p" — 1)),

(rpn;) =p-(0,1,2, ..., (p™ — 1)),

(rn) = (0,1,2, .., (prrteetostota _ 1)),
(Tpn) =p- (07 1,2, ..., (pw1+zz+13+...+zi _ 1)) 7
(

) = (0,1,2, .., (prFee sttt 1))

Variation II.b. The sum of the same numerical sequence (Ap (o )) re-
b ny

sults in the complete numerical sequence (Ap’(rpm)). The quantity of these
equal numerical sequences (Ap’(rp_n)) is denoted as the quantity y. Each of

these equal numerical sequences <A possesses a monitoring num-

P(Tpony )
ber (k1 = p™), and therefore the complete numerical sequence (Ap,(rp_n))
possesses a corresponding monitoring number (k = p**'¥). All this is writ-

ten as:
Lpm1 Lpm1 Aw Lpm1y
(3.17) (A (o)) H A () o (A (1 )) = (A )
1, y
where
Lp®1 1, 2, 3, x1

—
T
—
.
=
~—
~—
I
I
—~
—
S
~—
+
—~
—
S
~—
~
+
—~
—
S
~—
~—
+
+
—
S
~—
~—
I

p0, p1, p2,.., p(p—1) p-0, pl, p2,.., p(P-1),
= ((0a17271 v(p_l))+(0’1727 ) (p—l) )+
p-0, p-1, p-2,..., P(p—1)
x1
where
1) O’/‘dp (T(Pn)!) = Ordp (p : (07 1a 2a Ty (p:hy)))l =

(3.19) = ]ﬁ (Crom) = (A5 000m)) )

if one writes every single exponent ord, (r(p.n)!)7 which one has obtained,
p-times repeated, one obtains the numerical sequence of exponents for the
numerical sequence (r},) = (0!, 1,20 .., (p””l'y"rl — 1)!)7 i.e. if one takes
Remark 2 (p. 21) into account one obtains:

3.20 2) ord, (1)) = ord, (0!,1!,2!, ..., (p=+ YTt —1)!
P n! P
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and
<z
<p S
)=1(0,1,2,....(p—1)),
<n<(p™—-1),
) =1(0,1,2,...,(p° 71)),

1
2
(a
0
(rn
(rpn,) =p-(0,1,2,..., (p" = 1)),

)= 01,2, (o — 1),

(rpn) =p-(0,1,2,..., (p™"¥ = 1)),

(rh,) = (0 1,2,..., (p"vtt —1)).

Variation Il.c It is more practical to use the following development of the

numerical sequence (A )) for the given prime number p from a certain

Ps(Tpny
numerical sequence (7(,.,,)) step by step:

ép”n éppn éppn A pT
((Ap’(zp'"l )) + (Ap7(;P~nl )) + (Apv(gpwzl )) + .“+(Ap)(7‘P-nl ))) =
) ’ s ceey p
A pntl
- (Ap,(Tpnz))’
(3.21)
of
Ly 1, 2, 3,., p"
(Ap,iroy) = (@) +(a)+ (a) +... +(a)) =
0, 1, 2,.., (p=1) 0, 1, 2,.., (p—1),
= ((07 1,2, 17(]7— 1))+ (07 11272" v(p_ 1))+
0, 1, 2., (p—1)
+ (07 172a cey (p - 1))) =
p'rl
0, 1, 2,..., (p—1),.s (pp7’71)
(322) = (071727"‘7(p_1)7"'7pn'(p_]'))a
2pp" 1, 2, 3., p"
(Ap,rpn)) = (@) +(a)+ (a) +... 4+ (a)) =
0-p, 1-p, 2:pye.., (P=1)-D, 0-p, 1-p, 2:py., (P—=1)'D;e.
= (( 0,1 a2i“~a(p_1))+( 0 ) 1 72>2~~7( p_l) )+

0-p, 1-p, 2:pye.., (P—=1)P,
+(0,1,2,..,(p—1))) =
p'r/
0-p, 1-p, 2Py (P=1)Prees (" —1)p

(323) = ( 0 ) 1 323"'a(p71)a"'apn'(p71)),
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where

1) ord, (T(pn)!) = ord, (p- (O, 1,2, .., (p”n+1 — 1)))! =
1

(3.24) T ((T(Pn)) - (Ap,(r(pn)))) ’

if one writes every single exponent ord, (T(p.w)g), which we have obtained,
p-times repeated, one obtains the numerical sequence of exponents for the

numerical sequence (r’ 2) = (0, 1,2,.., (ppnﬂ“‘l — 1))7 i.e. if one takes

n

Remark 2 on page 21 into account one obtains:

(3.25) 2) ord, (r'(nz)!> - (0!, 1,920, ..., (pp"““ _ 1)!) ,
if

(rn,) = (0, 1,2, ..., (pp" _ 1)) :
(Fpeny)) =P (0,1,2,..., (pp" - 1)) ,
(r 2) — (0,1,2,...7 <pp"“+1 - 1))
App-(pr" 1) =p"-(p-1),
Nr. (apm-(pf’"—l)) =p- (pp" B 1) ’
(Fny) = (0,1,2,...,( ”“—1)),
Pipmy) =D (0,1,2,..., (pp"“ - 1)) ,
pop-(pr"tt—1) =p"t(p—1),

) (07172 ( _1))7

n+1
Nr. (ap,p-(ppwrlfl)) =p- (pp — ].) N
0<n<oo, p=2,

appn =1, Nr(apo) =0, apo=0.

(
(a

Additionally, one observes Remarks 1 and 2 on pages 20 and 21.

Note 3. Variation I is used in order to show more clearly the method of how to
find the complete numerical sequence of exponents. However, in order to find the
complete numerical sequence of exponents practically Variation Il.c is used.

3.3. The formula for the numerical sequence (Ap (e ))> for the given

prime number p from a certain numerical sequence (r(pn)). Variation I.
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Where (cf. Formula (3.10), (3.11)

Lpn 1, 2, 3, n
(Aprp)) = ((@)+(a)+ (a) +... + (a)) =
0-p, 1-p, 2:p,..., (P—1)p, 0-p, 1-p, 2:pyeeey (P=1)D;e.
= ((0,1,2,..,p=1)+(0,1,2,..,( p=1) )+...

1, 2, ..,

0-p, 1-p, 2:pye, (P=1) P,
w0, 1,2,.,(p-1))=
n
0-p, 1-p, 2:pyeey, P=1) Py (P7=1)p
(0,1,2,..,(p=1),...,n-(p—1)),

1) ordy (rpay) = ordy ((0-p) (1-p) 2+ p)L s (- (07 = 1)) =
1

— Zﬁ : ((T(p%)) - (Ap,(T(pm))) -
= Zﬁ : (p' (rn) — (Ap,(T(pn)))> -

= —— (P (0,1,2,.... " = 1)) — (Ap.(p(0.1.2,..p1-1)))) ) -

if one writes every single exponent ord, (r(p‘n)!), which one has obtained, p-times
repeated, one obtains the numerical sequence of exponents for the numerical se-
quence (r],) = (0!7 11,20 .. (p’”‘l — 1)!), i.e. if one takes Remark 2 (p. 21) into
account one obtains Formula (3.12):

2) ordy, (1) = ord, (01, 11,21, ., (p"T1 = 1)1).

Additionally, one has to take Remark 1 (p. 20) into account under the condition
that

n=012..,0p"-1), (r)=(0,1,2,..,(p" = 1)), (r,) = (0,1,2,..., (""" - 1)),
(ra) = (0L, 11,20, ., (" — 1)), (1) = (O, 11,20, ..., (p"+ = 1)),

n

0, 1, 2,
(T(P'n)) = (0,p, (2]7), A ((pﬂ - 1) 'p)>7 (a) = (07 1a27 ey (p - 1)) ’
0, 1, 2, n
(T(p-n)!) = (Ol,p', (Qp)', [x3) ((pn - 1) p)'):n >0,
ap’p = 1,ap’p2 = 1,041,’1,3 = 1, ...,ap7pn+1 = 1,p Z 2,

Nr. (cop0) =0,0p0 =0.

Variation IL.c
Where (cf. Formula (3.21), (3.22) and (3.23)

A pn A pn A _pT A pn
=pP =pP =p =pP

(Ap,rpon )+ (Ap o )+ (Ap ) + o Ap iy )) = (Ap ()
1, 2, 3, p

A pnt1



NUMERICAL SEQUENCES (A, (-,)) AND (B, (r,))

n
Lpp 1, 2, p

(A ) = (@) + (@) + (@) 4+ () =

ey (=D, (P71

p,..., (P=1)p,...

0-p, 1-p, 2:pyeery (P=1)Pyesy (" —1)p
= (O ) 1 7277(p_1)77p77(p_1))’

then (cf. Formula (3.24))

1) ord, (r(pn)!) = ordp (p~ (O, 1,2, ..., (pan — 1)))! =

- o ().

31

if one writes every single exponent ord,, (r(,.n,)1), which we have obtained, p-times
repeated, one obtains the numerical sequence of exponents for the numerical se-

quence (r’ 2) = (O, 1,2,..., (})”"HJr1 — 1)), i.e. if one takes Remark 2 on page 21

n

into account one obtains Formula (3.25):

2) ord, (r’(nz)!) - (0!,1!,2!,..., (pp"“+1 - 1)!) .

Additionally, one takes Remark 1 on page 20 into account under the condition that

ny = 07 1727 ) (ppn - 1) , N2 = 07 1727 ceny (pp"+1 - ].) s
appn =1, Nr (ap70) =0, ap0=0,p>2,0<n< o0,

(Tn,) = (0,172, (pp" — 1)) :

(T(p-n1)> = ((p~0),(p' 1, (-2),s (p- (p”" - 1)))
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(@) =(0,1,2,...,(p—1)).

Ezxample 5. Variation 1.

) = (0,1,2, ..., (32 -1)),
(rly) = (0L, 10,21 ., (3% = 1)1),

(remy) =3-(0,1,2,..., (3% = 1)),
(

then
ords ((0-3)!,(1-3)1,(2-3)!,...,(3- (32 = 1))!) =
1
=37 B (012, (3 =1)) = (A5 5012,.@-1))) =
= % ' ((073767 () (3 : (32 - 1))) - ((())’,31”627’91” 15’5 1??,7 1§7a231’7%f)) =
0, 3,6, 9, 12, 15, 18, 21, 24
=(0,1,2,4,5,6, 8, 9,10)
and
v BABEERERY -

A3 01,2,..(32-1)))

(1>

(
(A3,3-0,1,2,.32 1)) =

0, 3, 6, 9, 12, 15, 18, 21, 24.
0,1,2,1,2,3,2,3,4).

I
—

Now one writes every exponent three times repeated and obtains

0,1, 2, 3,4, 5,6, 7 8 9, 10, 11, 12, 13, 14, 15, 16, 17,
(0,0,0,1,1,1,2,2,2,4,4,4,5,5,5,6,6, 6,

18, 19, 20, 21, 22, 23, 24, 25, (3%-1).
8,8,8,9,9,9,10,(10, 10) ).

Then this numerical sequence of exponents belongs to

ords (01,11,2!, ..., (3- (32 = 1))!) =

0,1, 2 3, 4,5, 6,7, 8 9, 10, 11, 12, 13, 14, 15, 16, 17,
=(0,0,0,1,1,1,2,2,2,4,4,4,5,5,5,6,6,6,

18, 19, 20, 21, 22, 23, 24.
8,8,8,9,9,9,10).
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And more precise:

ords (01,11,2!, ..., (3% — 1)1) =

0, 1,2 3 4,5 6 7,8 9,10, 11, 12, 13, 14, 15, 16, 17,
=(0,0,0,1,1,1,2,2,2,4,4,4,5,5,5,6,6, 6,

18, 19, 20, 21, 22, 23, 24, 25, (3°—1).
8,8,8,9,9,9,10,10, 10 ).

Example 6. Variation Il.c

p=3n=1,n=01,2,.., (33° _1>7
ny =0,1,2, ..., (331 - 1) :
3-n5=0,3,6,9,...,3- (331 —1),
(r3,ny) = (O, 1,2, ..., (330 - 1)) ,
(rama) = (01,200, (3% 1)),

(3. (3mp)) = (0,3,6,9, 3 (331 - 1)) ,
2439

(AS,(rnl)) = (a‘) = (07 172)’

(r,.) = (0, 1,2, .., (331+1 _ 1)) ,

Then
Agst 2430 2430 2430
o (rn) = (o )+ A )+ s ) =
2350 233 2530
=((0,1,2) +(0,1,2) + (0,1,2)) =
1, 2, 3
£g3t
0, 1, 2, 3, ... 33 _q.

=(0,1,2,1,2,3,2,3,4,1,2,3,2,3,4,3,4,5,2,3,4,3,4,5,4, 5, 6 ).

A 1
£33

=0, 17,2, 17,9,8,2,3,4,1,2,3,2,3,4,3,4,5,2,3,4,3,4,5,4, 5, 6
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Then
ords (74(34712)!) = ords ((3 0L (B3-1L(3-2) ..., (3~ (331 — 1))!) =

_ 3?11 : ((T(s-nz)> - (A&(r(s-nz)))) -

1
= 51 (3 0w) ~ (Aag)) =
1
= 5= ((0.3,6,9,12,15,..,72,75,78)
_(0’ 172717273’2 7374’ 1727372’374737475’273747374’5747576)) =
= (0,1,2,4,5,6,8,9,10,13,14,15,17, 18,19, 21,22, 23,

26,27, 28,30, 31,32, 34, 35, 36).

And in the end, if one writes each exponent 3 times repeated, one obtains

ords (ry,,) = ords (0!7 11,2 .., (331+1 - 1)!) =
—(0,0,0,1,1,1,2,2,2,4,4,4,5,5,5,6,6,6,8,8,8,
9,9,9,10,10,10,13,13,13, 14, 14,14, 15,15, 15,
17,17,17,18, 18, 18, 19, 19, 19, 21, 21, 21, 22, 22, 22,
23,23, 23,26, 26, 26, 27, 27, 27, 28, 28, 28, 30, 30, 30,
31,31, 31,32, 32, 32, 34, 34, 34, 35, 35, 35, 36, 36, 36).

4. THE NUMERICAL SEQUENCES (B, (. )) FOR THE GIVEN PRIME NUMBER p
FROM A CERTAIN NUMERICAL SEQUENCE (7,).

One considers the numerical sequences (Bp7(7.n)) for the given prime number p
from a given numerical sequence (r,) = (0, 1,2, ...,n) of the members 0 < n < oo in
Table 1 (T.1) in the rightmost column. The numerical sequence (Bp,(m)) consists
of the members f,,, which correspond to every certain n for the given prime
number p from a certain numerical sequence (r,). The exponent ord,n! for the
given prime number p for a certain positive integer n in the prime factorization of
n! is the sum of all preceding members of the numerical sequence (pr(rn)) and of

the last member /3, ,,» of the numerical sequence (Bp}( ), which corresponds to the

Tr)
certain positive integer n. Every member 3, (,. ) of the numerical sequence (Bp_,(rn))
has got a certain number. We will find the numbers of every member 3, (, ), in
order to have every certain member 3, () at its determined place in the numerical
sequence (B, (,)). One can also use this method to find all exponents ord,, (1) =
ord, (01, 11,21, ..., n!) for the given prime number p in the prime factorization of the
given numerical sequence of factorials (r,;) = (0!, 11, 2!, ..., n!).

4.1. The numerical sequences (BMM)) in the development. Below the nu-
merical sequences (B, () for the given prime number p and a given numerical
sequence (r,) = (0,1,2,...,n) of the members 0 < n < oo are shown in their
development, before the law of formation of the numerical sequence (Bp,(rn)) is
written.
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> >

1>

0, 2%
((0),05)
0, 1, 2%
((0),0, 13)
0, 1, 2, 3, 2%
( (O)’ O? 1707 2 7)
0, 1,2, 3, ... ey 28
( (O)a Oa 1a07 27()’1’ Oa 3 5)
0, 1,2, 3, ... ., 2%
( (0)7 Oa 1a07 270a170737071a07270717 07 4 7)
0, 1,2, 3, ... .., 25
( (0)7 0? 1707 270? 17073707 1?072707 170? 470)17072?0? 1507370? 170)2707 17 07 5 ;)
etc.
0, 3%
((0),03)
0, 1, 2, 3%
((O)’0707 ’)
0, 1,2, .. . 3%

( (0)70u07 170a071707 07 2 7)

0, 1,2, .. oy 33

( (0)70707 170707170707 270707170707 170707270707170707 1707 07 3 7)
0, 1,2, ..

( (0)) 07 07 170’07170307 270507170307 1507072’0701170707 1’070737
0,0,1,0,0,1,0,0, 2,0,0,1,0,0,1,0,0,2,0,0,1,0,0,1,0,0, 3,
0,0,1,0,0,1,0,0, 2,0,0,1,0,0,1,0,0,2,0,0,1,0,0,1,0,0, 3,
0,0,1,0,0,1,0,0, 2,0,0,1,0,0,1,0,0,2,0,0,1,0,0,1,0,0, 3,

N 34;
0707170707170?05 2)070717070717070?2707071707071707 07 4;)
ete.

0, 5%
((0),03%)

0, 1, 2, 3, 4, 5';
((0),0,0,0,0, 13)

0, 1, 2, 3, ... oy B2
( (0)70705 0? 0717070707071707070?07170707070)17070?0? 07 2 ;)

0, 1,2, 3, ..
((0),0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0, 2,

0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0, 2,
0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0, 2,
0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0, 2,
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ey 53;
0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0, 0, 3;)
etc.

Remark 3. Firstly, since there is only one logical explanation for having two zeros
at the beginning instead of one, the term “Definition” is introduced for the first
member 3, of the numerical sequence (B, ), i.e. defined are N (8,,0) = (0)
and (8,.0) = (0).

Secondly, the number of the first member £, ¢ of the numerical sequence (B, r,))
indeed is equal to p~!, however, such a meaning of the number is not desirable but
the number should equal 0.

Thirdly, one looks at each member f3, ,, of the numerical sequence (Bp,(rn)) from
two perspectives:

(1) Every certain member (3, , of the numerical sequence(BMrn)) has got a
number of its own and
(2) every certain member 3, ,, of the numerical sequence (B, () is a positive
integer.
If one wants to find an exponent for a certain n for the given prime number p and
a given numerical sequence (ry,), it is going to be:

p=n n n
o = (3] -

Il
1My
LM
VN
—
2|
_
|
L
3,
i3
+
|
N———
IS
Il

(4.1)

Il
i
= 3
—_
BIE
| I

Proof.

LSV n
rint = 3 ([ - [7) -
=0
g

T
t<log,n t<log,n
n n
+1
z=0 \‘pz z=0 pI
t<log,n
n n
x=1
t<log,n
n n
— —_ -1+ {J z—1)| =
FEIRGEED W I REE
t<log,n t<log,n
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because |n/pt'| = 0, because of p' < n, then p'*' > n for ¢ < log,n and
[n/p*| -z =0,if z =0. O

In the sum this formula shows of how many and of which single certain members
of the numerical sequence (ern)) for the given prime number p and a given
numerical sequence (r;,) the exponent for a certain n consists. If one uses the lower
bound (x = 0), one can find out the number of zeros, ones, twos, up to z < log,n
the sum consists of, which results in an exponent for a certain n for the given prime
number p. The first zero, however, which is written in parentheses, cannot be seen
in the sum because it is defined. But in fact the numerical sequence (B, (.. ) is used
in order to find the exponent ord, (1) = ord, (0!, 11,2, ..., (p")!) for the complete
numerical sequence (r,) for the prime number p. All these numerical sequences
(Byp,(r,)) are written for

0<n<p

(rn) =(0,1,2,...,p"),
(rm) = (01, 11,21, ... (™)),
0<n<o0,

p>2.

Ezample 7. For all p=5,n=129, p=>5, n =129, (r,) = (0,...,129) we have

0, 1,2, 3, .. ey B2,
(BS,(O,...,IQQ)) = ((O)a O’ Oa 07 07 1a07070707 1a07070707 1a050707 0 ) 2 )

0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0, 2,
0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0, 2,
0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0, 2,

oy 53,
o,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0, 0, 3,

..., 129, 130.
0707 07 07 1 )

ord,129! = z% Qfﬁ_{;ﬂ).x:
) on((2]-|2) o
(2 (2 - (21 [2)-

= 104-0+20-1+4-2+1-3=31.

Il
7N
—_—

—_
2|
| I

|
—_—
o —_

=

One compares this result to Chebyshevs formula (1.2):
53<129
N 129 129 129 129
ord,129! = E \‘WJ = {51J + {E)QJ + \‘53J =25+5+1=3L

z=1
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One can present the exponent of a certain positive integer n from the numerical
sequence (r,) for the given prime number p as the sum of all members of the
numerical sequence (Bp,(rn)) as follows:

oot = E (2] ] = B

=0
= ﬁp,O + Bp,l + Bp,? + ...+ Bpmu

ordy (rpy) = ord, (01,11,2!, ..., n!) = (pio ({;J N LﬂO“D .
5 (- J) SSI{EIRESM
0 (L:J x+1 )

- (i S ) -

=0

= (Bp,0, Bpo+ Bp1) s (Bpo + B + Bp2) s -
o (Bp,o+ Bpa1 + Bp2+ ...+ Bon))-

| /\ P

But in order to have a simpler possibility to actually find the exponent
ordy, (rm1) = ordy, (01, 11,2, ..., n!) for the given prime number p for the certain nu-
merical sequence (r,,) in the prime factorization for a certain numerical sequence
of factorials (r,1) = (0!, 1!, 2!, ...,n!) the following is lacking:

At
n=0,1,2,...,p% ....p",
(Tn) = (07 1727 "'7p7;’ ""pn) )
i=0,1,2,....(n—1),
n=log,n=0,1,2,...,00
p =2

Then

1) (Bp,0) = (0) (Definition),
2) ﬁp,pz =, OSJCS%

IL 1) By 0+41,2.3,....(p—1)) = 0,
2) Bp,(p°+2,374,--7(p 1) =0

(Exception),
3) Pp.pi+141,23,...0-1) = 0,
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4) By (p+1,2,3,....(p—1)) = 0.

III. Then the number Nr. of every member 3, ,, of the numerical sequence (Bp,(rn))
as recurring positive integer ¢ and as nonrecurring positive integer n

1) (Bpo = 0) £ Nr.(0) = (0) (Definition),
2) (Bppn = 1) = (N7.(3)) = ‘
=0 (123, (0= D) + (0 (0,1,2,, ("1 = 1)),
A
3) (Bppn =m) = Nr.(n) =p".
Therefore, if the number of every member f3, ,, of the numerical sequence (Bp,(rn))

for the given prime number p from a certain numerical sequence (r,) as recurring
positive integer ¢ and as nonrecurring positive integer 7 (not to forget that the first

member (3, 0) = (0) is defined) is known, one can find the sums (Zg:o Bpras s Dom—o Bp,m)

of all members of the numerical sequence (Bp7(,«n)):

0 n
ordy, (rn) = ord, (01,11,2!,...,n!) = (Zﬁpﬂ.z,...,Z@m) =
x=0 =0

= (ﬂp,07 (5]},0 + Bp,l) bl (/Bp,O + ﬂp’l + Bp}g) g een
vy (Bpo + Bpr + Bpa+ o+ Bpn))-

4.2. Law of Formation for the numerical sequence (BMT,”)) for the given
prime number p from a certain numerical sequence (r,).

(1) (Bp,(m)) is a numerical sequence in which every member S, ,, is a positive
integer from 0 up to 7, (with 0 <7 < c0)

(42) (Bp,(rn)) = (/Bp7(7‘")) = ((/Bp,O) 7/81),1’ /gp,27 ceey Bp,p") .

(2) The sum of the members 3, ,, of the numerical sequence (Bp,(,.n)) is

p"
ph—1
(4.3) S B = (Bpo) + Bt + Bz + o By = o
n=0
(3) The last member 8, ,» of the numerical sequence ( Bp,(rn)) equals
(4.4) By =1
for

(rn) = (0,1,2,...,p")
(4) The quantity of members f,,, of the numerical sequence (B, ) equals

(4.5) Qs

(5) The numerical sequence (Bp,(m)) is equivalent to the corresponding moni-
toring number (k = p"), i.e.

):pn-i-l.

p,(Tn)

(4.6) (Bp.(ry) = (k=p").

(6) The number (Nr.) of every member 3, ,, of the numerical sequence (B, ,..))
is defined by the following formulae:
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a) The number of the first member ¢ is
Nr.(Bpo) = Nr.(0) = (0) Definition,
(Bp,0) = (0) Definition.

b) The numerical sequence of the numbers for the numerical sequence of
the members (8.1, Bp.2, Bp,3s -5 Bp,(p—1)) s

(4.7) (Nr.(i) =p" - [(1,2,...(p— 1))+ (p- (0,1,2,..., (p" "1 = 1)))] .

At the same time each member is a positive integer i, with ¢ = 0,1, 2, ..., (n — 1).
¢) The number of the last member 3, (,n) is

Nr.(n) =p".

The last member 3, (,n) of the numerical sequence (Bp’(rn)) is simulta-
neously the last positive integer 7.

Additionally, one takes Remark 1 on page 20 into account under the condition
that 0 <n <p”,0<i<(n—1),0<n<o0,(ry)=(0,1,2,....,p"),
(rat) = (04,1520 (PN, Bor = 0, Bpp =1, By e = 2, e, Bppn = 10,0 > 2,
Nr.(Bp0) = (0) Definition and (8,,) = (0) Definition.

4.3. A formula in order to find a complete numerical sequence of ex-
ponents, which correspond to a numerical sequence of factorials (r,) =
(o, 11,21 ..., (p")!) for a given prime number p.

The numerical sequence (B, (,,)) equals (cf. Formula (4.2) and (4.7)):
(Bp)(rn)) = (ﬁp7("'n)) = ((/pro) 7,Bp,1,ﬂp727 "'HBP,I)") =

0, 1oy (p=1), p, (p+1),eery (2p—1), 2p, (2p+1),..y (PP 1)1 p2, (P*+1) ey (p7—1), 7,
= ((0),0,.,70, 1, 0,.., 0, 1, 0,.., 0, 2 0,... 0, ).

The numbers above each member are defined as follows:

a) The number of the first member 5, ¢ is
Nr.(Bp0) = Nr.(0) = (0) Definition,
(Bp.0) = (0) Definition.

b) The numerical sequence of the numbers for the numerical sequence of the mem-
bers (ﬂp,lv Bp,Z, ﬁp,3a ceey Bp,(p"—l)) is

(Nr. (i) =p" - [(L2,...(p= 1)+ (p- (0,1,2,..., (""" = 1)))] .

At the same time each member is a positive integer 7, with i = 0,1,2,..., (g — 1).
c¢) The number of the last member 3, (,n) is

Nr.(n)=p".

The last member 3, (,n) of the numerical sequence (Bp,(rn)) is simultaneously the
last positive integer 7.
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Then
ord, (rpy) = ord, (01,1121, .., (p")!) =

0 1 2 n=p"
ITHS S SER S E
x=0 x=0 x=0 x=0
((Bpo) s (Bp,o + Bp,1) s (Bp,o + Bp1 + Bp2) s -
(4.8) s (Bpo + Bp1 + Bpz+ .+ Bppn))-
Additionally, one takes Remark 1 on page 20 into account under the condition that
0<n Spn70 <i< (77_ 1)70 < n < 007(Tn) = (071723“'71)7])7

(Tﬂ!) = (0|a 1'72'7 ceey (pn)') 7/8]),1 = 07 ﬁp,p = 17ﬁp,p2 = 27 "'76p,p" =1np Z 2a
Nr.(Bpo) = (0) Definition and (8,,0) = (0) Definition.

Example 8.
p=3,
n =3,
i=0,1,2,..,(3-1),
n=0,1,2,..,3%
(rn) = (0,1,2,...,3°%),
(rar) = (01, 11,21, ..., (3%)1),
Nr.(B3,0) = (0) Definition,
(B3,0) = (0) Definition.
Then

Nr.(0) = Nr.(B3,0) = (0) Definition,
(N7.(0)) =3 [(1,2) + (3:(0,1,2,..., (337 %71 = 1)))] =
=(1,4,7,10,13,16,19, 22, 25,
2,5,8,11, 14,17, 20, 23, 26),
(Nr.(1)) =3"-[(1,2) + (3- (0,1,2,..., (3%7'71 = 1)))] = (3,12, 21,
6,15,24),
2 [(1,2)+ (3-(0,1,2,..., (337271 = 1)))] = (9,18),

Then
(Bs,0,1,2,...39) = ((B30),831,05.2,...,8533) =

0, 1,2, ..
((0),0,0,1,0,0,1,0,0, 2,0,0,1,0,0,1,0,0,2,

ey 38
0, 0,1, 0,0,1,0, 0, 3)
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and after that

0 3°
ords (01,11,2!, .., (3%)) = [ Y Bams o D Bam
n=0 n=0

((B3,0) 83,15 83,2, .-, B3,33) =
0, 1 0 1 2 0,

0, 1, o0, 1, 2 2, 3, 0 2, 3
((0),(0+0),(0+0+0),(0

1, 2, , , 1,02, , 4
+04+0+1),(0+04+0+1+40),...

0, 1, 2, ..
o (0+0+0+1+04+0+14+0+0+24+0+0+0+14+0+0+1+0+0+2+

3

vy 3
+F0+0+04+1+0+04+1+0+0+3)) =

0, 1, 2, ... ey 27,
(0,0,0,1,1,1,2,2,2,4,4,4,5,5,5,6,6,6,8,8,8,9,9,9, 10,10, 10, 13).

The programme ‘B.py’ to calculate (Bp’(m)) can be found in Appendix C on
page 50 to be used with the programme ‘NumSequence.py’ (Helper module) in
Appendix A on page 47. One can compare the results to those from Chebyshev’s
Formula (1.2) - ‘Chebyshev.py’ - in Appendix D on page 52.

5. THE FORMULA FOR SHORTENED RESULTS FOR THE NUMERICAL SEQUENCE
(Bp (T< ))) FOR THE GIVEN PRIME NUMBER p FROM A CERTAIN NUMERICAL
\T(pn

SEQUENCE (7(pn))-

It would be very inconvenient to have an addition of zeros. Therefore one can
spare the work by repeatedly writing every exponent for the numerical sequence

(Bp’(r(m))) of the exponents ordy, (7)) = ordy, (01, p!, (2p)!, ..., (p"1)!), ie. if
considering Remark 2 one obtains instead of the numerical sequence (Bp, (" ,)) the

numerical sequence of exponents ord), (rl,) = ord, (O!, 1,20 .., (p”+1 +p— 1)!).
Every member 3, (,.,..) of the numerical sequence (pr(rn)) has got a certain number.
We will find the corresponding number of every member f3, (. ), in order to have
every certain member f3, (. ) at its determined place in the numerical sequence

(BP’(WW)) '

5.1. The numerical sequences (B )) in the development.

(7o)
p:27
2—1+1
2712 ("o 0)+’
A 0, 20+1,
20 = ((0), L),
0, 2, 2ttt
21 £ ((0),1, 2,
o A, O 2,4, 6 22+
2°=((0),1,2,1, 3 ),
A, 0,02 4, ey 2371
2°=((0),1,2,1,3,1,2, 1, 4 ),
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) 5 e

),1,1,2,1,1,2,1, 1, 3 ),

p =3,
1 A 37t
3 E(C0 ),
A, 0,3

3°=((0), 1LH1
0, 3,6, 3T,

312 ((0),1,1, 2,
(0, 3, 6 32+1
0

3 A 0 36 oy 3311
3*=((0),1,1,2,1,1,2,1,1,3,1,1,2,1,1,2,1,1,3,1,1,2,1,1,2,1, 1, 4 ),

Remark 4. In fact the first member f), = Bproy = Bpo of the numerical

T(p-0)

—141=0

sequence (B )) equals 0, because p"t! = p , where n = —1. This,

pv(”zm)
however, means that 53, ¢ has got the number which is equal to 1, because p° = 1,
although the number equal to 0 would be needed. Therefore, it is defined that

(5;),0) = (0) and Nr. (ﬁp,O) = (0).
5.2. The law of formation of the numerical sequence (Bp (e ))) for the
given prime number p from a certain numerical sequence (r(pn)).

(1) (Bp,(r(pn))) is a numerical sequence in which every member ﬁp,r(pn) is a

positive integer from 0 up to n + 1, (where 0 < n < c0)

(Bpﬁ(mm)) = wﬂ(ﬁm)) = ((Bp.p-0))> Bp,p-1): Bp,(p-2) 5 -+-Bpprt1) =
0, DPyeey (p271)7p27 (p2+1)"“’ (pn+171)’ p7]+1§
(5.1) = ((0),1,.7, 1,72 "1, 1, (n+1)).
(2) The quantity of members Bp (o) of the numerical sequence (Bp (e )))
equals
(5.2) Q =pT+1.
B
( ”*(an)))
(3) The last member 3, ,n+1 of the numerical sequence (Bp (e ))) equals
(53) 5p,p"+1 =n—+1
for

(rn) =(0,1,2,...,p"),
(T(pn)) =D (Oa 13 2’ “.’p"]) = ((0 ! p) ’ (1 p) ) (2 p) ) .“’anFl) .

(4) The sum of all members S, ., of the numerical sequence (Bp (. )))

equals

Pt -1

p"
5.4 Boipn) = ——————.
(5.4) nz:% p,(pn) p—1
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(5) The numerical sequence (Bp,(npn))) is equivalent to the corresponding
monitoring number (k = p)
A (e —
(5.5) (Bp’(%n))) Ak =p).
(6) The number (Nr.) of each member 3, -
(Bp,(r(,m))) is defined by the following formulae:

of the numerical sequence

a) The number of the first member 5, is
Nr.(Bp0) = Nr.(0) = (0) Definition,
(Bp,0) = (0) Definition.
b) The numerical sequence of the numbers for the numerical sequence of
the members (Bp1.p, Bp.2.ps Bp,3-ps --r Bp,(pr—1)p) 18
(5.6) (Nr.(i+1)=p" - [(1,2,..,(p=1)+ (p- (0,1,2,..., (p""' = 1)))].
At the same time each member is a positive integer ¢, with ¢ = 0,1, 2, ..., (n — 1).
¢) The number of the last member 3, ;1 of the numerical sequence ( B, (e )))
is
Nr.(np+1) =p"tt,
The last member 3, (,n+1) of the numerical sequence (B ) is simultaneously
p,(p p,(r(pn))

the last positive integer 1 + 1.

5.3. A formula in order to find a complete numerical sequence of expo-
nents, which correspond to a numerical sequence of factorials (r(pn)l) =
(Ol,p!, 2p), ..., (p"+1)!) for a given prime number p.

The numerical sequence (Bp (rc ))) equals (cf. Formula (5.1) and (5.6)):

(Bp7(""pn)) = (Bpu(rpn)) = ((ﬁp,(p-o))aBp,(p~1)76p,(p.2), "'Bp,p"+1) =
0, Dy (02=1), 0%, (P>+1),..., (p"tt—1), p"th
= ((0),1,..., 1, 2, 1,., 1, (n+1).

The numbers above each member are defined as follows:
a) The number of the first member 8, ¢ is
Nr.(Bpo) = Nr.(0) = (0) Definition,
(Bp.0) = (0) Definition.
b) The numerical sequence of the numbers for the numerical sequence of the mem-
bers (Bp,1.p Bp,2:ps Bp,3.ps - Bp, (o —1)p) 18
(N7 (i + 1) =p™ - [(1L,2,, (p= 1) + (p- (0,1,2,..., (p" 71 = 1)))].
At the same time each member is a positive integer ¢, with ¢ = 0,1,2, ..., (n — 1).
c) The number of the last member 3, ,»+1 of the numerical sequence (Bp (e )))
is
Nr.(np+1) =p"tt.
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The last member 3, (,n+1) of the numerical sequence (Bp (e )) is simultaneously
the last positive integer n + 1.

Then
1) ordy, (rgpny) = ord, ((p-0), (p- 1), (p-2)!, ..., (p")!) =
(p-0) (p-1) (p-2) (pm)=p"**
= Z 517 (pz)> Z ﬁp (p) Z Bp (px)s==s Z 517 (pz)
((pr(no)) ) (6107(1&0) + 51%(1?'1)) ) (ﬂzu(p‘O) + 51)7(1)4) + Bp,(pﬂ)) ’ee
(5.7) ) (ﬂp’(p-o) + Bp,(p-l) + ﬁp,(zﬂ) +.t ﬁ;m(p"“))) :

If one writes in the numerical sequence (Bp (e ))) of exponents
pn

ord, (r(pn)g) = ord, (O!,p!, 2p)!, ..., (p"‘“)!) every exponent p-times repeated, i.e.
if one takes Remark 2 on page 21 into account, one obtains for the numerical se-

quence (Bp,(r, )> the numerical sequence of exponents:

(5.8) 2) ord, (rl,) = ord, (01, 11,2, .., (p"™ + p—1)1).
Additionally, one takes Remark 1 on page 20 into account under the condition that:

n=20,1,2,..,p",i=0,1,2,...,(n—1),n=0,1,2,...,00

(rn) =(0,1,2,..,p"),(r)) = (0,1,2, .., (" +p—1)),

(rp) = (0L 11,20, ., (PN, (r)y) = (0L 120 ., (p"T ! +p — 1)),
(rpm) = (02, (20) s (077)) s (rpemyt) = (041, (20)15 s (P7T1)1)
Bop =1,8pp2 =2,B8pp3 =3,..., Bppnir =n+1,p2>2,

Nr.(Bp0) = (0) Definition and (5,,0) = (0) Definition.

FEzxzample 9.

n=012,..,3%(r,) = (0,1,2,..,3%),
(ror) = (01, 11,21, ..., (3%)1)

(r,)=(0,1,2,..., (3>t +3-1)),

(rhy) = (0L, 1520 ., (35 + 3 1)),

(T(pn)) = (T(Sn)) = ((3 -0),(3-1),(3-2),..., (3 . 33)) :

(rony) = (r@ny) = ((3-0)1,(3- 1)1, (3-2),..., (3-3%)1),
n=3,

i=0,1,2,

p=3.
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Then

(3:0),  (3-1), (3-2), ...
FL((0), 17, 1,2, 1,1,2, 1,1,3, 1,1,2,

33+1

1,1,2, 1,1,3, 1,1,2, 1,1,2, 1,1, 4 ).
Nr.(0) = (0) Definition,

(Nr.(04+1)) =31 [(1,2) + (3-(0,1,2,..., (37 "1 = 1)))] = (3,12,21,..., 75,
6,15,24, ..., 78),
(Nr.(1+1))=3""[(1,2) + (3-(0,1,2,..., (3> 1 = 1)))] = (9,36,63,
18,45, 72),
(Nr.(2+1)) =3>"" [(1,2) + (3-(0,1,2,..., (337271 = 1)))] = (27,54),
Nr. (3+41) =331 =81.

Then
ords (r(gn)!) =
0 3.n=33+1
= ordy (3-0)L,3-1)L(3-2)L sy (3-3°)1) = | D By D Baam | =
n=0 n=0
= ((0),0+41),04+14+1),04+1+142),....0+1+14+2+..44)) =
0,3, 6, ..
= (0,1,2, 4,5,6, 89,10, 13,14,15, 17,18,19, 21,2223,
.., 81
26,27,28, 30,31,32, 34,35,36, 40).
Therefore

ords (r},) = ordz (01, 11,21, ..., (3*T' + 3 —1)!)

=( 0, 0,0, 1,1, 1, 2 2 2
4, 4 4. 5 5 5 6, 6, 6,
88 9, 9 10,10, 10,
13,13,13,  14,14,14, 15,1515,
17,1717, 18.18.18, 19,1919,

34,34, 34, 35.35.35, 36,36, 36,
..., 83.
40, 40, 40).
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In the Appendix there are the source codes of the programmes to all Sections.
They verify the results of the formulae and are written in ‘Python 3.2’.

All programme files can be downloaded from www.maraev.de. They must be
saved in one folder so that ‘A.py’ and ‘B.py’ can use ‘NumSequence.py’ automati-
cally.

After typing the file’s name in the Command Prompt one also gives the parameters
for p = 2 and eta = 4: ‘A.py 2 4’ for the calculation.

APPENDIX A. PROGRAMME ‘NUMSEQUENCE.PY’

Helper module to be used with all four programmes.
#! /usr/bin/python

import sys
class NumSequence:

def __init__ ( self, *xarg ):
if len ( arg ) ==
arg = argl[0]
if isinstance ( arg, NumSequence ):
self.S = arg.S
elif type ( arg ) is list:
self.S = arg
elif len ( arg ) == 2:
self.S = list ( range ( arg[0], argl[1] ) )
else:
print ( "NumSequence: Parameter error" )
sys.exit (1)

( self ):
return repr ( self.S )

def __repr

def __add__ ( self, rhs ):
if len ( self.S ) == 0:
return NumSequence ( rhs )
if len ( rhs.S ) == O:
return NumSequence ( self )

res = list O
for 1 in self.S:
for r in rhs.S:
res.append ( 1 + r )
return NumSequence ( res )

def __sub__ ( self, rhs ):
if len ( self.S ) != len ( rhs.S ):
print ( "NumSequence: Differently sized\
sequence on both sides of ’-7 \
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operation." )
sys.exit (1)

res = list O
for idx in range ( len ( self.S ) ):

res.append ( self.S[idx] - rhs.S[idx] )
return NumSequence ( res )

##
# Multiply each member of the sequence with @p scalar
#
def __rmul__ ( self, scalar ):
I = iter ( self.S )
R = 1list O
try:
while True:
R.append ( scalar * next ( I ) )
except Stoplteration:
pass
return NumSequence ( R )

def __truediv__ ( self, div ):
res = list ()
for idx in range ( len ( self.S ) ):
res.append ( self.S[idx] / div )
return NumSequence ( res )
def __floordiv__ ( self, div ):
res = list ()
for idx in range ( len ( self.S ) ):
res.append ( self.S[idx] // div )
return NumSequence ( res )

##
# Create subsequence
def __getitem__ ( self, key ):
if type ( key ) is slice:
R = list O
if key.step is not None:
print ( "Slice stepping != 1 is \
not supported" )
sys.exit (1)
iter ( self.S )
next ( N )
# Skip leading subsequence
while True:

N
n

if n >= key.start:\
break
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n = next ( N)

# Copy subsequence
try:
while True:
if n >= key.stop:
R.append ( n )
n = next ( N)
except Stoplteration:
pass
return NumSequence ( R )
elif type ( key ) is int:
return self.S[key]
else:
print ( "getitem: Invalid index" )

def __setitem__ ( self, key, val ):
if type ( key ) is slice:
R = list O
for N in key:
self.S[N] = val
elif type ( key ) is int:
self.S[key] = val
else:
print ( "getitem: Invalid index" )

def __len__ ( self ):
return len ( self.S )

APPENDIX B. PROGRAMME ‘A.PY’ TO CALCULATE (4, (..)) (VARIATION IL.C)
(SECTION 2)

#! /usr/bin/python

from NumSequence import NumSequence
import sys

if len ( sys.argv ) == 3:
p = int ( sys.argv[1] )
eta = int ( sys.argv[2] )
else:
print ( "usage: " + sys.argv[0] + " <prime-number> <eta>" )
sys.exit (1)

def make_A ( p, eta ):
A = NumSequence ( list ( range ( p ) ) )
while eta >= O:
eta =1
An = NumSequence ( A )
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for cnt in range (p - 1 ):
An = An + A
A = An

return A

A = make_A ( p, eta)
print ( "A=", end="" )
for a in A:
print ( a, end=", " )
print O
print ( "p=" + str ( p ) + ", eta=" + str ( eta ) )
print ( "len(A)=" + str (len ( A ) ) )

ord = (NumSequence ( O, p ** p ** (eta + 1) ) - A) // (p - 1)
print ( "ord=" + str ( ord ) )
print ( "len(ord)=" + str ( len ( ord ) ) )

ord_s = (p * NumSequence ( O, p **x p *x (eta + 1) ) - A) // (p - 1)
print ( "ord_s=" + str ( ord_s ) )
print ( "len(ord_s)=" + str ( len ( ord_s ) ) )

APPENDIX C. PROGRAMME ‘B.PY’ TO CALCULATE (B, )) (SECTION 4)

#! /usr/bin/python

from NumSequence import *
import sys

if len ( sys.argv ) == 3:
p = int ( sys.argv[1] )
eta = int ( sys.argv[2] )
else:
print ( "usage: " + sys.argv[0] + " <prime-number> <eta>" )
sys.exit (1)

def make B ( p, eta ):
N = p ** eta
# init B with N times zero
B = NumSequence ( list ( map ( lambda x: O, range ( N+ 1) ) ) )
for i in range ( 0, eta ):
Nr_i = p ** i * (NumSequence ( 1, p ) + p * \
NumSequence ( 0, p ** (eta - i - 1)))
# print ( "i=" + str (i) )
# print ( Nr_i )
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for idx in Nr_i:
Blidx] = i
B[N] = eta

return B

def make_Bs ( p, eta ):
N = p ** eta
# init B with N times zero
B = NumSequence ( list ( map ( lambda x: O, range ( int ( N/p ) + 1) ) ) )
for i in range ( 1, eta ):
Nr_i = p #* i * (NumSequence ( 1, p ) + p * \
NumSequence ( 0, p ** (eta - i - 1)))
print ( "i=" + str (1 ) )
# print ( Nr_i )
for idx in Nr_i:
Blint ( idx/p )] =1

+*+

Blint ( N/p )] = eta

return B

B = make_B ( p, eta )
print ( "B=" + str ( B ) )
print ( "len(B)=" + str ( len ( B ) ) )

Bs = make_Bs ( p, eta )
print ( "Bs=" + str ( Bs ) )
print ( "len(Bs)=" + str ( len ( Bs ) ) )

#import os
#os.system ( "ps lax | egrep ’ID|/B’ | grep -v grep" )

ord = list (O
S=0
for b in B:
S +=b
ord.append ( S )
print ( "ord= " + str ( ord ) )

print ( "len(ord)=" + str ( len ( ord ) ) )

ord_s = 1list ()
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S=0
for b in Bs:
S +=Db
for idx in range ( p ):
ord_s.append ( S )

print ( "ord_s=" + str ( ord_s ) )
print ( "len(ord_s)=" + str ( len ( ord_s ) ) )

APPENDIX D. PROGRAMME ‘CHEBYSHEV.PY’ TO BE USED TO COMPARE THE
RESULTS OF ‘A.PY’ AND ‘B.PY’ WITH THE RESULTS FROM
CHEBYSHEV’S FORMULA (1.2)

#! /usr/bin/python
import sys

if len ( sys.argv ) >= 2:
p = int ( sys.argv([1] )
eta = int ( sys.argv[2] )
else:
print ( "Usage: %s <p> <eta>" % (sys.argv[0],) )
sys.exit (1)

def chebyshev ( p, n ):

r=20

Z=p

while Z <= n:
r+=n// Z
Z *x=p

return r

#print ( "ord=", chebyshev ( p, n ) )
N = (p #x eta) - 1
for n in range ( O, N ):

print ( chebyshev ( p, n ) )
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