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Abstract. One uses Chebyshev’s formula or its derivation to obtain the ex-
ponent ordpn! for every given prime number p with the help of the prime

factorization of n! for a certain n = 0, 1, 2, ...,∞. In this paper we present the

further development on Chebyshev’s formula and its derivation. For instance,
in Theorem 6.1 for a given n in the form of a difference of products at · pt, in

Theorem 7.1 for a given n in the form of a certain amount of sums consisting

of differences of products at · pt and in Theorem 8.1 for every given n, at once
consisting of sums as well as differences of products atj · ptj . These theorems

offer the possibility to find n by using less summands, resp. minuends of the

products atj · ptj as was possible with the derivation of Chebyshev’s formula.
This only applies if this certain number n can actually be presented with less

summands, resp. minuends of products atj · ptj .

1. The formula by P. L. Chebyshev (1852).

Chebyshev’s formula1 deals with the prime factorization of n! (where n = 0, 1, 2, . . . ,∞)
as a product of the prime numbers p with the corresponding exponents.

(1) n! =

p≤n∏
p≥2

p
∑px≤n

x=1 b n
px c,

or

(2) ordpn! =

px≤n∑
x=1

⌊
n

px

⌋
.

2. Derivation of Chebyshev’s formula

One finds a certain exponent of n! for the given prime number p, on using the
derivation of Chebyshev’s formula.2

(3) ordpn! =
n− Sn
p− 1

,
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Here Condition 1 applies:

n = a0 + a1 · p+ a2 · p2 + ...+ ax · px,
0 ≤ ax ≤ p− 1,

n = 0, 1, 2, ...,∞,

Sn =

px≤n∑
x=0

ax.

If one compares the derivation of Chebyshev’s formula (3) with the formula itself
(2) one receives the following:

ordpn! =
n− Sn
p− 1

=

px≤n∑
x=1

⌊
n

px

⌋
,

or

(4) Sn = n− (p− 1) ·
px≤n∑
x=1

⌊
n

px

⌋
.

Theorem 2.1. For Condition 1 it is valid that:

Sn =

px≤n∑
x=0

ax =

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
)

=

= n− (p− 1) ·
px≤n∑
x=1

⌊
n

px

⌋
.(5)

Proof. The sum Sn can be depicted as:

Sn =

px≤n∑
x=0

ax =

=

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
)

=

=

t≤logp n∑
x=1

⌊
n

px

⌋
+

⌊
n

p0

⌋−
−

t≤logp n∑
x=1

⌊
n

px

⌋
· p+

⌊
n

pt+1

⌋
· p

 =

= n+ (1− p) ·
t≤logp n∑
x=1

⌊
n

px

⌋
=

= n− (p− 1) ·
px≤n∑
x=1

⌊
n

px

⌋
.

Because
⌊
n/pt+1

⌋
= 0 because of pt ≤ n, then pt+1 > n at t ≤ logp n and

bn/pxc = n, if x = 0
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or

Sn =

px≤n∑
x=0

ax =

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
)
,

then is

ax =

⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p.

�

Below my research of Chebyshev’s formula and its derivation is presented.

3. Development of Chebyshev’s formula

We will prove the following theorem that is reminiscent of Chebyshev’s formula
(2).

Theorem 3.1. For Condition 1 it is valid that:

ordpn! =

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋)
· x =

=

px≤n∑
x=1

(⌊
n

px

⌋
−
⌊

n

px+1

⌋)
· x =

=

px≤n∑
x=1

⌊
n

px

⌋
.(6)

Proof. We have

ordpn! =

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋)
· x =

=

t≤logp n∑
x=0

⌊
n

px

⌋
· x−

t≤logp n∑
x=0

⌊
n

px+1

⌋
· x =

=

t≤logp n∑
x=1

⌊
n

px

⌋
· x+

⌊
n

p0

⌋
· 0

−
−

⌊ n

pt+1

⌋
· (t− 1) +

t≤logp n∑
x=1

⌊
n

px

⌋
· (x− 1)

 =

=

t≤logp n∑
x=1

⌊
n

px

⌋
· x−

t≤logp n∑
x=1

⌊
n

px

⌋
· (x− 1) =

=

px≤n∑
x=1

⌊
n

px

⌋
· (x− (x− 1)) =

px≤n∑
x=1

⌊
n

px

⌋
because

t≤logp n∑
x=0

⌊
n

px

⌋
· x =

⌊
n

p0

⌋
· 0 +

t≤logp n∑
x=1

⌊
n

px

⌋
· x =

px≤n∑
x=1

⌊
n

px

⌋
· x
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and

t≤logp n∑
x=0

⌊
n

px+1

⌋
· x =

t≤logp n∑
x=1

⌊
n

px

⌋
· (x− 1) +

⌊
n

pt+1

⌋
· t =

=

t≤logp n∑
x=1

⌊
n

px

⌋
· (x− 1) =

=

px≤n∑
x=1

⌊
n

px

⌋
· (x− 1)

because
⌊
n/pt+1

⌋
= 0 because of pt ≤ n, then pt+1 > n at t ≤ logp n and

bn/pxc · x = 0, if x = 0.
Therefore

ordpn! =

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋)
· x =

=

px≤n∑
x=1

(⌊
n

px

⌋
−
⌊

n

px+1

⌋)
· x =

=

px≤n∑
x=1

⌊
n

px

⌋
.

�

P.S. The formula from Theorem 3.1 is used to find the exponent of a certain
number n for the given prime number p and a given numerical sequence (rn).3

Example 1 (of Theorem 3.1). One considers
n = 129, p = 5, (rn) = (0, ..., 129) .

(
B5,(0,...,129)

)
=

((
0,

0

)
,
1,

0,
2,

0,
3,

0,
...
0 , 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 2,

0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 2,

0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 2,

0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 2,

0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0,
...,

0 ,
53,

3 ,

0, 0,
...,

0 ,
129.
0

)
.

3s. Maraev, Said The numerical sequences
(
Ap,(rn)

)
and

(
Bp,(rn)

)
for the given prime number

p for a certain numerical sequence (rn), here: Chapter 2.2: The numerical sequences
(
Bp,(rn)

)
for the given prime number p for a certain numerical sequence (rn) , in a forthcoming manuscript

by S. Maraev.
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Then

ord5129! =

53≤n∑
x=0

(⌊
129

5x

⌋
−
⌊

129

5x+1

⌋)
· x =

=

(⌊
129

50

⌋
−
⌊

129

51

⌋)
· 0 +

(⌊
129

51

⌋
−
⌊

129

52

⌋)
· 1 +

+

(⌊
129

52

⌋
−
⌊

129

53

⌋)
· 2 +

(⌊
129

53

⌋
−
⌊

129

54

⌋)
· 3 =

= 104 · 0 + 20 · 1 + 4 · 2 + 1 · 3 = 31.

On using Chebyshev’s formula (2) one finds:

ord5129! =

53≤129∑
x=1

⌊
129

5x

⌋
=

⌊
129

51

⌋
+

⌊
129

52

⌋
+

⌊
129

53

⌋
= 25 + 5 + 1 = 31.

4. Development of the derivation of Chebyshev’s formula

Theorem 4.1. For Condition 2:

n = a0 + a1 · p+ a2 · p2 + ...+ ax · px,
n = 0, 1, 2, ...,∞,
0 ≤ ax ≤ p− 1,

x = 0, 1, 2, ..., (px ≤ n) ,

ax =

⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p,

Sn =

px≤n∑
x=0

ax =

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
)

it is valid that

(7) ordpn! =
1

p− 1
· (n− Sn) =

1

p− 1
·

(
n−

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
))

.

Formula (7) is the same derivation of Chebyshev’s formula (3).



6 SAID MARAEV

Proof. Therefore we have

ordpn! =
1

p− 1
·

(
n−

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
))

=

=
1

p− 1
·

(
n−

px≤n∑
x=0

⌊
n

px

⌋
+

px≤n∑
x=0

⌊
n

px+1

⌋
· p

)
=

=
1

p− 1
·

n+

−n− t≤logp n∑
x=1

⌊
n

px

⌋+

⌊ n

pt+1

⌋
· p+

t≤logp n∑
x=1

⌊
n

px

⌋
· p

 =

=
1

p− 1
·

− t≤logp n∑
x=1

⌊
n

px

⌋
+

t≤logp n∑
x=1

⌊
n

px

⌋
· p

 =

=
1

p− 1
·

(
px≤n∑
x=1

⌊
n

px

⌋
· (p− 1)

)
=

=
1

p− 1
·

(
(p− 1) ·

px≤n∑
x=1

⌊
n

px

⌋)
=

px≤n∑
x=1

⌊
n

px

⌋
.

Because

px≤n∑
x=0

⌊
n

px

⌋
=

⌊
n

p0

⌋
+

t≤logp n∑
x=1

⌊
n

px

⌋
= n+

t≤logp n∑
x=1

⌊
n

px

⌋
and

px≤n∑
x=0

⌊
n

px+1

⌋
· p =

⌊
n

pt+1

⌋
· p+

t≤logp n∑
x=1

⌊
n

px

⌋
· p =

t≤logp n∑
x=1

⌊
n

px

⌋
· p

because
⌊
n/pt+1

⌋
= 0 because of pt ≤ n, then pt+1 > n at t ≤ logp n and

bn/pxc = n, if x = 0. �

5. Further development

Theorem 5.1. For Condition 2 it is valid that

ordpn! =

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
)
· (px − 1)

p− 1
=

=

px≤n∑
x=1

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
)
· (px − 1)

p− 1
=

=

px≤n∑
x=1

⌊
n

px

⌋
.(8)
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Proof of Theorem 5.1. One finds the value of n by using the value of the sum of
products

∑
ax · px.

n = a0 + a1 · p+ a2 · p2 + . . .+ ax · px =

=

px≤n∑
x=0

ax · px =

=

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
)
· px,

where, according to Theorem 2.1,

ax =

⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p,

Sn =

x≤logp n∑
x=0

ax =

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
)
,

x = 0, 1, 2, . . . , (px ≤ n) ,

n = 0, 1, 2, . . . ,∞,
0 ≤ ax ≤ p− 1.

Then

ordpn! =
1

p− 1
· (n− Sn) =

1

p− 1
·

(
n−

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
))

=

=
1

p− 1
·

(
px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
)
· px −

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
))

=

=
1

p− 1
·
px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
)
· (px − 1) =

=

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
)
· (px − 1)

p− 1
.

According to Theorem 4.1 it is

ordpn! =
1

p− 1
· (n− Sn) =

=
1

p− 1
·

(
n−

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
))

=

=

px≤n∑
x=1

⌊
n

px

⌋
,
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then

ordpn! =

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
)
· (px − 1)

p− 1
=

=

px≤n∑
x=1

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
)
· (px − 1)

p− 1
=

=

px≤n∑
x=1

⌊
n

px

⌋
.

�

P.S. One can proof Theorem 5.1 in a different way too:

Theorem 5.2 (Proof of Theorem 5.1, alternative). Reconsider Formula (8) from
Theorem 5.1.

Proof. We have

n = a0 + a1 · p+ a2 · p2 + . . .+ ax · px =

=

px≤n∑
x=0

ax · px =

=

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
)
· px,

where

ax =

⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p,

Sn =

x≤logp n∑
x=0

ax =

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
)
,

x = 0, 1, 2, . . . , (px ≤ n) ,

n = 0, 1, 2, ...,∞,
0 ≤ ax ≤ p− 1.
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Then

ordpn! =
1

p− 1
· (n− Sn) =

=
1

p− 1
·

(
px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
)
· px −

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
))

=

=

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
)
· (px − 1)

p− 1
=

=

t≤logp n∑
x=0

⌊
n

px

⌋
· (px − 1)

p− 1
−
t≤logp n∑
x=0

⌊
n

px+1

⌋
· p · (px − 1)

p− 1
=

=

⌊ n
p0

⌋
·
(
p0 − 1

)
p− 1

+

t≤logp n∑
x=1

⌊
n

px

⌋
· (px − 1)

p− 1

−
−

t≤logp n∑
x=1

⌊
n

px

⌋
· p ·

(
px−1 − 1

)
p− 1

+

⌊
n

pt+1

⌋
· p · (pt − 1)

p− 1

 =

=

px≤n∑
x=1

⌊
n

px

⌋
·

(
px − 1

p− 1
− p ·

(
px−1 − 1

)
p− 1

)
=

=

px≤n∑
x=1

⌊
n

px

⌋
·
(
px − 1− px + p

p− 1

)
=

px≤n∑
x=1

⌊
n

px

⌋
because

t≤logp n∑
x=0

⌊
n

px

⌋
· (px − 1)

p− 1
=

=

⌊
n

p0

⌋
·
(
p0 − 1

)
p− 1

+

t≤logp n∑
x=1

⌊
n

px

⌋
· (px − 1)

p− 1
=

=

px≤n∑
x=1

⌊
n

px

⌋
· (px − 1)

p− 1

and
t≤logp n∑
x=0

⌊
n

px+1

⌋
· p · (px − 1)

p− 1
=

=

t≤logp n∑
x=1

⌊
n

px

⌋
· p ·

(
px−1 − 1

)
p− 1

+

⌊
n

pt+1

⌋
· p · (pt − 1)

p− 1
=

=

px≤n∑
x=1

⌊
n

px

⌋
· p ·

(
px−1 − 1

)
p− 1

but
⌊
n/pt+1

⌋
· p · (pt − 1) / (p− 1) = 0 because

⌊
n/pt+1

⌋
= 0 because of pt ≤ n, if

pt+1 > n at t ≤ logp n and
⌊
n/p0

⌋
·
(
p0 − 1

)
/ (p− 1) = 0.
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Thus,

ordpn! =

px≤n∑
x=0

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
)
· (px − 1)

p− 1
=

=

px≤n∑
x=1

(⌊
n

px

⌋
−
⌊

n

px+1

⌋
· p
)
· (px − 1)

p− 1
=

=

px≤n∑
x=1

⌊
n

px

⌋
.

�

6. The formula for a given n in the form of a difference of
products at · pt.

Theorem 6.1. If

n = ah · ph − ah−1 · ph−1 − ah−2 · ph−2 − . . .− al · pl,

S′n =

h∑
t=l

at = ah − (ah−1 + ah−2 + . . .+ al) ,

l ≤ t ≤ h,
0 ≤ at ≤ p− 1,

l < ... < h− 2 < h− 1 < h,

0 ≤ l ≤ ∞,
n = 0, 1, 2, . . . ,∞.

Then it is valid that

(9) ordpn! =
n− S′n
p− 1

− (h− l) =
n−

∑h
t=l at

p− 1
− (h− l) .

Proof. One has to find the unknown x.
On the one hand (a) ordpn! is for

n = ah · ph − ah−1 · ph−1 − ah−2 · ph−2 − . . .− al · pl,

Sn,(1) = S′n =

h∑
t=l

at,

(a) ordpn! =
n− Sn,(1)
p− 1

− x =
n−

∑h
t=l at

p− 1
− x.
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On the other hand (b) ordpn! is determined in the derivation of Chebyshev’s
formula (3) as

n = am · pm + am−1 · pm−1 + am−2 · pm−2 + . . .+ a0,

Sn = Sn,(2) =

m∑
i=0

ai,

0 ≤ i ≤ m,
p− 1 ≥ ai ≥ 0,

(b) ordpn! =
n− Sn,(2)
p− 1

=
n−

∑m
i=0 ai

p− 1
.

Then one compares the meanings for ordpn!, one has obtained for (a) and (b), in
order to find the unknown x:

ordpn! =
n− Sn,(2)
p− 1

=
n− Sn,(1)
p− 1

− x,

therefore

x =
n− Sn,(1)
p− 1

−
n− Sn,(2)
p− 1

=
Sn,(2) − Sn,(1)

p− 1
= (h− l)

or

Sn = Sn,(2) = Sn,(1) + (h− l) · (p− 1) =

=

h∑
t=l

at + (h− l) · (p− 1) ,

then

ordpn! =
n− Sn
p− 1

=
n− Sn,(1) − (h− l) · (p− 1)

p− 1
=

=
n−

∑h
t=l at − (h− l) · (p− 1)

p− 1
.

�

Example 2. For Theorem 6.1:

(1) If using Theorem 6.1: n = 54080, p = 5.

54080 = 4 · 56 − 2 · 55 − 3 · 54 − 2 · 53 − 1 · 52 − 4 · 51,
Sn = (4− 2− 3− 2− 1− 4) + (6− 1) · (5− 1) = 12.

(2) If using the derivation of Chebyshev’s formula (3): n = 54080, p = 5.

54080 = 3 · 56 + 2 · 55 + 1 · 54 + 2 · 53 + 3 · 52 + 1 · 51,
Sn = 3 + 2 + 1 + 2 + 3 + 1 = 12,

7. For a given n in the form of a certain amount of sums consisting
of differences of products at · pt.

Theorem 7.1. If

n =
(
ah1
· ph1 − ah1−1 · ph1−1 − ah1−2 · ph1−2 − . . .− al1 · pl1

)
+

+
(
ah2 · ph2 − ah2−1 · ph2−1 − ah2−2 · ph2−2 − . . .− al2 · pl2

)
+ . . .

. . . +
(
ahi
· phi − ahi−1 · phi−1 − ahi−2 · phi−2 − . . .− ali · pli

)
,
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where

0 ≤ at ≤ p− 1,

h1 > h2 > h3 > . . . > hi,

l1 > l2 > l3 > . . . > li,

li < . . . < hi − 2 < hi − 1 < hi,

0 ≤ li ≤ ∞,
i = 1, 2, 3, . . . ,∞,
n = 0, 1, 2, . . . ,∞,
ni = ahi · phi − ahi−1 · phi−1 − ahi−2 · phi−2 − . . .− ali · pli ,

n =

i∑
z=1

nz, h =

i∑
z=1

hz, l =

i∑
z=1

lz,

li ≤ t ≤ h1.

Then it is valid that

(10) ordpn! =
n−

∑h1

t=li
at − (h− l) · (p− 1)

p− 1
.

Proof. On the one hand, if using the derivation of Chebyshev’s formula (3), then

n = ay · py + ay−1 · py−1 + ay−2 · py−2 + . . .+ a0,

Sn =

y∑
µ=0

aµ,

0 ≤ aµ ≤ p− 1,

0 ≤ µ ≤ y,

ordpn! =
n− Sn
p− 1

=
n−

∑y
µ=0 aµ

p− 1
.

On the other hand, under the condition that

n = ay · py + ay−1 · py−1 + ay−2 · py−2 + . . .+ a0 =

=
(
ah1 · ph1 − ah1−1 · ph1−1 − ah1−2 · ph1−2 − . . .− al1 · pl1

)
+

+
(
ah2
· ph2 − ah2−1 · ph2−1 − ah2−2 · ph2−2 − . . .− al2 · pl2

)
+ . . .

. . . +
(
ahi · phi − ahi−1 · phi−1 − ahi−2 · phi−2 − . . .− ali · pli

)
=

= n1 + n2 + n3 + . . .+ ni

one finds for every single ni the expression of the sum of the coefficients Sni
on

using Theorem 6.1:
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Sn = Sn1
+ Sn2

+ . . .+ Sni
, S′n = (S′n1

+ S′n2
+ . . .+ S′ni

),

Sn1
= (ah1

− ah1−1 − ah1−2 − . . . −
−al1) + (p− 1) · (h1 − l1),

S′n1
= (ah1

−ah1−1−ah1−2−. . .−al1),

Sn2
= (ah2

− ah2−1 − ah2−2 − . . . −
−al2) + (p− 1) · (h2 − l2),

S′n2
= (ah2

−ah2−1−ah2−2−. . .−al2),

...
...

Sni
= (ahi

− ahi−1 − ahi−2 − . . . −
−ali) + (p− 1) · (hi − li);

S′ni
= (ahi

−ahi−1−ahi−2− . . .−ali);

then: then:

Sn = S′n +

+

(
i∑

z=1

hz −
i∑

z=1

lz

)
· (p− 1) =

S′n =

h1∑
t=li

at.

=

h1∑
t=li

at + (h− l) · (p− 1).

The following then is the same as what we have obtained in Theorem 6.1:

ordpn! =
n− Sn
p− 1

=
n− S′n
p− 1

− (h− l) =
n−

∑h1

t=li
at − (h− l) · (p− 1)

p− 1
.

�

Example 3. For Theorem 7.1.

(1) If using the derivation of Chebyshev’s formula (3): n = 12697806, p = 5.

12697806 = 1 · 510 + 1 · 59 + 2 · 58 + 2 · 57 + 2 · 56 + 3 · 55 +

+1 · 54 + 2 · 53 + 2 · 52 + 1 · 51 + 1 · 50,
Sn =

∑
at = 1 + 1 + 2 + 2 + 2 + 3 + 1 + 2 + 2 + 1 + 1 = 18.

(2) if using Theorem 7.1: n = 12697806, p = 5.

12697806 =
(
2 · 510 − 4 · 59

)
+
(
3 · 58 − 2 · 57 − 3 · 56

)
+

+
(
4 · 55 − 3 · 54 − 2 · 53 − 2 · 52 − 3 · 51 − 4 · 50

)
,

Sn =
∑

at + (h− l) · (p− 1) =

= 2− 4 + 3− 2− 3 + 4− 3− 2− 2− 3− 4 +

+ ((10− 9) + (8− 6) + (5− 0)) · (5− 1) = 18.
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8. For every given n, at once consisting of sums as well as
differences of products atj · ptj .

Theorem 8.1. If

n = aµ0 · pµ0 +
(
ah1 · ph1 − ah1−1 · ph1−1 − . . .− al1 · pl1

)
+

+ aµ1
· pµ1 +

(
ah2
· ph2 − ah2−1 · ph2−1 − . . .− al2 · pl2

)
+

+ aµ2 · pµ2 +
(
ah3 · ph3 − ah3−1 · ph3−1 − . . .− al3 · pl3

)
+ . . .

. . . + aµi−1
· pµi−1 +

(
ahi
· phi − ahi−1 · phi−1 − . . .− ali · pli

)
,

it is then valid that

(11) ordpn! =
n− S′n
p− 1

− (h− l) =
n−

∑µ0

t=li
at

p− 1
− (h− l) ,

where

n = 0, 1, 2, . . . ,∞,
0 ≤ at ≤ p− 1,

li ≤ t ≤ µ0,

µi−1 > hi,

µ0 > h1 > l1 > µ1 > h2 > l2 > ... > µi−1 > hi > li,

h =

i∑
z=1

hz, l =

i∑
z=1

lz,

m =

i∑
z=1

mz,

0 ≤ li ≤ ∞,
i = 1, 2, 3, ...,∞,
z = 1, 2, 3, ..., i.

Proof. One considers n as the sum n = k +m and the given n differently, i.e. one
transfers all summands from the products ax · px to the left side of the equation,
which are outside the brackets. Then:

m = n− k = n−
(
aµ0 · pµ0 + aµ1 · pµ1 + aµ2 · pµ2 + . . .+ aµi−1 · pµi−1

)
=

=
(
ah1
· ph1 − ah1−1 · ph1−1 − . . .− al1 · pl1

)
+

+
(
ah2 · ph2 − ah2−1 · ph2−1 − . . .− al2 · pl2

)
+

+
(
ah3
· ph3 − ah3−1 · ph3−1 − . . .− al3 · pl3

)
+ . . .

. . . +
(
ahi · phi − ahi−1 · phi−1 − . . .− ali · pli

)
.
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First one uses Theorem 7.1 for the right side of the equation:

m =
(
ah1 · ph1 − ah1−1 · ph1−1 − . . .− al1 · pl1

)
+

+
(
ah2
· ph2 − ah2−1 · ph2−1 − . . .− al2 · pl2

)
+

+
(
ah3 · ph3 − ah3−1 · ph3−1 − . . .− al3 · pl3

)
+ . . .

. . . +
(
ahi
· phi − ahi−1 · phi−1 − . . .− ali · pli

)
=

= m1 +m2 + ...+mi =

i∑
z=1

mz,

then

ordpm! =
m− Sm
p− 1

=
(n− k)−

∑i
z=1 ahz

p− 1
− (h− l)

because

Sm =

i∑
z=1

ahz −

(
i∑

z=1

hz −
i∑

z=1

lz

)
· (p− 1) =

=

i∑
z=1

ahz − (h− l) · (p− 1) .

Second, for k the derivation of Chebyshev’s formula (3) is used:

k = aµ0
· pµ0 + aµ1

· pµ1 + aµ2
· pµ2 + . . .+ aµi−1

· pµi−1 ,

Sk = µ0 + µ1 + µ2 + . . .+ aµi−1
=

i∑
z=1

aµz−1
,

0 ≤ aµz−1
≤ p− 1

and

ordpk! =
k − Sk
p− 1

=
k −

∑i
z=1 aµz−1

p− 1
.

Then

ordpn! = ordpk! + ordpm! =
k − Sk
p− 1

+
(n− k)− Sm

p− 1
=

=
k −

∑i
z=1 aµz−1

p− 1
+

(n− k)−
∑i
z=1 ahz

− (h− l) · (p− 1)

p− 1
=

=
n− S′n
p− 1

− (h− l) =
n−

∑µ0

t=li
at

p− 1
− (h− l)

because

S′n = Sk + Sm,

or

S′n =

i∑
z=1

aµz−1 +

i∑
z=1

ahz =

µ0∑
t=li

at.

Therefore

ordpn! =
n− S′n
p− 1

− (h− l) =
n−

∑µ0

t=li
at

p− 1
− (h− l) .

�
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Example 4. For Theorem 8.1.

(1) If using the derivation of Chebyshev’s formula (3): n = 26233095, p = 5.

26233095 = 2 · 510 + 3 · 59 + 2 · 58 + 3 · 56 + 4 · 55 +

+2 · 54 + 4 · 53 + 3 · 52 + 4 · 51,
Sn =

∑
at = 2 + 3 + 2 + 3 + 4 + 2 + 4 + 3 + 4 = 27.

(2) if using Theorem 8.1: n = 26233095, p = 5.

26233095 = 2 · 510 +
(
4 · 59 − 3 · 58

)
+

+
(
4 · 56 − 2 · 54 − 2 · 52

)
+ 4 · 51,

Sn =
∑

at + (h− l) · (p− 1) = 2 + 4− 3 + 4−
−2− 2 + 4 + ((9− 8) + (6− 2)) · (5− 1) = 27.
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