DEVELOPMENT OF CHEBYSHEV’S FORMULA FOR PRIME
FACTORIZATION OF n! AS A PRODUCT OF THE PRIME
NUMBERS p WITH THE CORRESPONDING EXPONENTS, AND
THE DERIVATION OF CHEBYSHEV’S FORMULA

SAID MARAEV

ABSTRACT. One uses Chebyshev’s formula or its derivation to obtain the ex-
ponent ordpn! for every given prime number p with the help of the prime
factorization of n! for a certain n = 0,1,2,...,00. In this paper we present the
further development on Chebyshev’s formula and its derivation. For instance,
in Theorem 6.1 for a given n in the form of a difference of products a - p?, in
Theorem 7.1 for a given n in the form of a certain amount of sums consisting
of differences of products at - p' and in Theorem 8.1 for every given n, at once
consisting of sums as well as differences of products ag; - pti. These theorems
offer the possibility to find n by using less summands, resp. minuends of the
products ag; -pli as was possible with the derivation of Chebyshev’s formula.
This only applies if this certain number n can actually be presented with less
summands, resp. minuends of products ag; -pti.

1. THE FORMULA BY P. L. CHEBYSHEV (1852).

Chebyshev’s formula! deals with the prime factorization of n! (wheren = 0,1,2, ...
as a product of the prime numbers p with the corresponding exponents.

p<n v
(1) nt =[] p=5=" 1),
p=>2
or

2) ordyn! = pain LZJ .

x=1
2. DERIVATION OF CHEBYSHEV’S FORMULA

One finds a certain exponent of n! for the given prime number p, on using the
derivation of Chebyshev’s formula.?

(3) ord,n! = LS”,
p—1
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Here Condition 1 applies:
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ap+ai-p+as-p*+ ... +az p

a <p—1,
0,1,2,...,00,
p"<n

E Q-
=0

If one compares the derivation of Chebyshev’s formula (3) with the formula itself
(2) one receives the following:

Aol n— S, pin{nJ
ordyn! = = — >
p—1 = |p®

or

(4)

Sn

(5)

Sn:n—(p—l)-p:Z:n L;J

Theorem 2.1. For Condition 1 it is valid that:

S (|2 (] ) -

n

—(p—l)-pin L;J

Proof. The sum S,, can be depicted as:

S’IL

p“<n
D =
=0
p“<n
> ([~ [ #) -
+1 -
=0 pm pm
t<log, n
n n
[+ 5])-
r=1 p p
t<log, n
n n o
1 Lﬂ"J o Lf“J P
=
t<log, n
n
k-0 3 |-
r=1 p
p“<n n
n—(p—1) LJCJ
=1 p

Because [n/p't!| = 0 because of p' < n, then p™' > n at t < log,n and

[n/p*| =n,ifx=0
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or
p“<n p“<n n n
5= 3 o= 3 ([ - [ 0):
=0 =0
then is

o[-

Below my research of Chebyshev’s formula and its derivation is presented.

3. DEVELOPMENT OF CHEBYSHEV’S FORMULA

We will prove the following theorem that is reminiscent of Chebyshev’s formula
(2).

Theorem 3.1. For Condition 1 it is valid that:
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Proof. We have

p“<n n n
ot = 3 (|5 []) -

I
]
o
BAE
_
|
]
o
=
HE
=
|

x=0 x=0
t<log, n
n
SR EEFIE
=1 P
t<log, n
n
- || e X |5 e-n) -
p =1
t<log, n t<log, n
n n
= — | x— — |- (z—1) =
> e x5 e
p*<n \‘ nJ PTZSH n
SO EANCEEEED o E
=1 px =1 p-T
because
t<log, n t<log, n p®<n
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and
t<log, n t<log, n
n n n
Z x+1J Z { a;J (z { t+1J
x=0 \~p r=1 b p

because |n/p't!] = 0 because of p' < n, then p'™' > n at ¢ < log,n and
[n/p*| -z =0,if z =0.

Therefore
p*<n n n
e = (2] -
— \Lp Pt

O

P.S. The formula from Theorem 3.1 is used to find the exponent of a certain

number 7 for the given prime number p and a given numerical sequence (r,,).>
Ezample 1 (of Theorem 3.1). One considers
n=129, p=25, (r,) =(0,...,129).
0\ 1,2 3, ..
<B5,(O ..... 129)) = (<0> 30707070717030705071707070507170707050717()’07070727

0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0,2,
0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0,2,
0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0, 2,

..., 53,
0707070717070707071707070707170707070717070707 07 37

ey 129.
0,0,0, 0 ) .

3s. Maraev, Said The numerical sequences (Ap,(rn)) and (pr(m)) for the given prime number
p for a certain numerical sequence (r5), here: Chapter 2.2: The numerical sequences (Bp,(rn))
for the given prime number p for a certain numerical sequence (5, ) , in a forthcoming manuscript
by S. Maraev.
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Then

ords129! = Z_ (VQBJ — {;ﬁiJ sr =

= 104-0+20-1+4-241-3 =31
On using Chebyshev’s formula (2) one finds:

5°<12

129 129 129 129
ords129! = Z { J {NJ + L)QJ + {53J =25+5+1=23L

4. DEVELOPMENT OF THE DERIVATION OF CHEBYSHEV’S FORMULA

Theorem 4.1. For Condition 2:

n = ayta-ptaz-p+..+az-p°
n = 0,1,2,...,00,
0 < a<p-1,
z = 0,1,2,...,(p" <n),
n n
o = 5]l ]

SRR

it is valid that

(7)  ordyn! = ﬁ-(nﬂ%) :Iﬁ' (”pgnq;J - L:“J 'p)>'

Formula (7) is the same derivation of Chebyshev’s formula (3).
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Proof. Therefore we have

T<n
1 p<
ordyn! = —— | n— <{HJ
p—1 p*

t<log, n t<log, n
n n
ot (e () (B B L
> )\l 2 5
t<log, n t<log, n
= 2
= — — — | P -
p_l z=1 p$ z=1 pI
1 p“<n n
- (T )
p—1 <x_1 L?””J
1 ( p<n n p*<n n
el BE)-EL
p_l r=1 pI z=1 pi‘v
Because
p*<n tglogpn tSlogpn
- 2 )
LRI S E R o -
0
=0 \‘px p x=1 g =1 px
and
p*<n t<log,n t<log, n
n n n n
P R P R Sl I RS Dl T
=0 {px p x=1 px r=1 pm

because |n/p'*!] = 0 because of p' < n, then p'™' > n at t < log,n and
In/p*| =n,if z=0. O

5. FURTHER DEVELOPMENT

Theorem 5.1. For Condition 2 it is valid that

p“<n
B n n (p*—-1)
= (2] ) ) 5
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7

Proof of Theorem 5.1. One finds the value of n by using the value of the sum of

products Y a, - p*.

n = ay+a-ptas-pPH...+fa, p°=

I
3
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=
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_
=
gls
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Ay
z<log, n p=<n
n n
o=y -3 (-] )
T x+1 ’
=0 =0 p p
= 0,1,2,....(p" <n),
- 071323- y OO,

Then
<n
1 1 = n n
| = — . (n— —— . |n= A N P =
e B w_O(LDwJ Lﬂ“J p>>_
- A (S G S
- -1 pr | |peri | ) E T oo | | prtl
p—1 \ Z \Lp* p* = \Lp* p*
1 PET n n
_ i R p) o =1) =
1 % (- [l ) o
. Z({ SERHRLE
= \Lp” prtt p—1
According to Theorem 4.1 it is
dynl = (0= 5,) =
orapn: = pfl n n) =
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then

p*<n
n n (" —1)
I = — | = . R a—
ordpn! . (LﬂJ Lfﬂ“J p) p—1

P.S. One can proof Theorem 5.1 in a different way too:

Theorem 5.2 (Proof of Theorem 5.1, alternative). Reconsider Formula (8) from
Theorem 5.1.

Proof. We have

n = ao+a1~p+a2~p2+...+axop””:

where

- n n
Qy = ]? - p“’l D,
z<log, n p*<n
n n
o= % w2 (][5 )
x=0 =0
x = 0,1,2,...,(p" <n),
= 0,1,2,...,00,
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Then
dyn! L (n—-5,)
or p’I’L. = c(n—=95,) =
p—1
1 PN n n pEn n n
= : — | - ‘p)pt = —| = ‘p)|=
(S L) -2 (- [#)0)
- % ([3]-l] ) o=t
= pa; pa:+1 p_l
t<log, n n (px—l) t<log, n n (pw—l)
— P . J— .p. f—
zZ:O LﬂJ p—1 ; {pl’“J p—1
t<log, n
_ “J.(O‘l)+ ) {”J(P“U _
Pl p-1 — ] p-1
= [ERCAEUNEN R
— J— p — Y p — =
= Lp* p—1 P p—1
prg"{n pr—1 (-1
= . —p- —
] \p—1 p—1
_ SV ,<pf1pm+p)”“§"{nJ
x=1 p-’E p_l =1 p"C
because
t<log, n
> [ 5=
=0 pw p_l
t<log, n
_ {”J (P0—1)+ 3 {”J (r* - 1)
"] p-1 — L] p-1
_ own\‘nJ.(pz_l)
= L p—1
and
t<log, n -
Z { n J.p (r* —1)
r+1 _
=0 p p 1
t<log, n
_ 7§ n (pg”*l—l)Jr n (-1
- = Lp" b p—1 pitt P p—1
T<n r—
-y {”J.p.(?l—l)
= L p—1

but [n/p™|-p-(p' —1)/(p—1) = 0 because |n/p'™| =0 because of p' < n, if
p' >natt <log,n and |n/p°|- (p°—1)/(p—1)=0.
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Thus,

o = L (3] o)) 52

6. THE FORMULA FOR A GIVEN 7 IN THE FORM OF A DIFFERENCE OF
PRODUCTS ay - pt.

Theorem 6.1. If

n o= ap-p"—ap1-p" T —anap" P —arp,
h
S, = Zat:ah—(ah,l—i—ah,g—i—...—i—al),
t=I
I < t<h,
0 < a<p—1,
Il < ..<h—-2<h-1<h,
0 < 1<,
n = 0,1,2,...,00.
Then it is valid that
n— S n—"a
(9) ord,n! = " (h—l)=—=E=L" (b))
p—1 p—1

Proof. One has to find the unknown =x.
On the one hand (a) ordyn! is for

no= ap-pt—ap1-p" —ap o p" - —a
h
Sn’(l) = S’:’L = Zat7
t=l
_ <t
(@) ordynl — "o, Mm@

p—1 p—1
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On the other hand (b) ordyn! is determined in the derivation of Chebyshev’s
formula (3) as

n = a7n'pm+am—1 'pm71+am—2']0m72+--~+‘10,
m
Sn = Sn,(Q) = Zai;
=0
0 < i<m,
pP— 1 Z a; Z 07
(b) ord,n! = n = Sn(@) == iz iy
p—1 p—1

Then one compares the meanings for ord,n!, one has obtained for (a) and (b), in
order to find the unknown z:
n— Sn’(g) _ n— Sm(l)

| — _
ord,n! P | T,
therefore
x:”*&mwfnf%@):ﬁmm*&ﬁ>:m7”
p—1 p—1 p—1
or
Sn:Sn7(2) = Sn7(1)+(h—l)-(p—l)=
h
= Y a+(h=0)-(p-1),
t=1
then
n—=S, n—=5S,q—(h-10)- (p—1)
ordyn! = = =
p—1 p—1
_ on=Ya—(h-D-(p-1)
p—1 '

Example 2. For Theorem 6.1:
(1) If using Theorem 6.1: n = 54080, p = 5.

54080 = 4-5°—2.5°-3.5%7—-2.5%—-1.5%2—4.5%,
S, = (4-2-3-2-1-4)4+(6-1)-(5-1)=12.
(2) If using the derivation of Chebyshev’s formula (3): n = 54080, p = 5.
54080 = 3-554+2.5°+1-5*+2.5°4+3.52+1.5%,
S, = 3+4241+2+3+1=12,

7. FOR A GIVEN n IN THE FORM OF A CERTAIN AMOUNT OF SUMS CONSISTING
OF DIFFERENCES OF PRODUCTS a¢ ~pt.

Theorem 7.1. If

h hi—1 hy1—2 )
n = (ahl'plfahl_ypl —ap,—2-p"t f...fall'p1)+
h ha—1 ha—2 !
+ (any " —an,—1 P — e P — o —ag, )+
+ (ahi'p —Qph;—1°P —Qp;—2°P — ... Qo p )7



12 SAID MARAEV

where

0 < a<p-—1,

hi > ho>hg>...>h;,

lh > lb>l3>...>1,

li < ...<h;—2<h;—1<h;,

0 < I <oo,

i = 1,2,3,...,00,

n = 0,1,2,...,00,

ng = ap, P —ap—1-p" T —an 2 P — =y, P,
i 7 7

no= Y nonh=Y h,l=) L,
z=1 z=1 z=1

;i < t<h;.

Then it is valid that

h
n=>u,a—(h=0)-(p-1)
(10) ordpyn! = = P .

Proof. On the one hand, if using the derivation of Chebyshev’s formula (3), then

no= ay~py—|—ay_1.p971+ay_2.py*2—|-_,,—|-a0,
y
Sno= D
n=0
S ay S b= 17
S p=y,
n—S, ”‘Zi:o Ay
ordyn! = = .

p—1 p—1

On the other hand, under the condition that

no= ay'py"’ayfl'py_1+ay72'py_2+--~+a0:
= (an, M —ap T — a2 M TR =y, 'pll) +
+  (an, " —ap, 1 P —ap, e p T -~y 'PZQ) +
+ (an P —apa - pM T —an e M= ) =

ny+ne+ng+...+n;

one finds for every single n; the expression of the sum of the coefficients S,,, on
using Theorem 6.1:
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Spn =8p, +Sn, +...+ S0,

Snl = (ahl — Gp;—1 — Ahy—2 — «.. —
—ay,) +(p—1)-(h1 — ),
Snz = (ahz — Qhy—1 — Qpy—2 — ... —

—a,) + (p = 1) - (he = la),

Sp, =
—ali) +

(ap, — ap,—1 — Qpy—2 — .. —
(p—1) - (hi — Li);

then:

Sp =25, +

+<§:hz—§:g>-@-¢)—

hi1
=Y ar+(h=0)-(p-1).
t=l;

S, =Sy, +Sn,+...+S),

!
Sn1 = (ahl —Qpy—1—Qp—2—- . .—all),
/
Sn2 = (ah2 —Qpy—1—Ahy—2 - . .—alz),
/ .
Sni = (ahi —Qap;—1 —Ap;—2 — .. .—ali),
then:
h1

S;L = Z Q.

t=l;

The following then is the same as what we have obtained in Theorem 6.1:

n—25S,
p—1

_n—2S)

dyn! =
or p’ﬂ p—l

FEzxzample 3. For Theorem 7.1.

—(h=1)=

n—Y1 ar—(h=1)-(p—1)
p—1 '

13

(1) If using the derivation of Chebyshev’s formula (3): n = 12697806, p = 5.

12697806 =

1-504+1.5242.-584+2.5"+2.5043.55 +

+1-5%4+2.534+2.52 1.5 +1.5°,

Sn:Zat =

1+1+2+24+24+3+1+2+24+1+1=18.

(2) if using Theorem 7.1: n = 12697806, p = 5.

12697806

Sn =

(2:5" —4-5%) +(3-5% —2.57 —3-5%) +
+(4-5°-3-5"—

S a+(h-1)-

2:5%°-2.52-3.5"—4.5"),

(p—1)=

—=2-443-2-3+4-3-2-2-3—4+

+((10—-9) + (8 —

6)+(5—0))-(5—1) = 18.
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8. FOR EVERY CGIVEN n, AT ONCE CONSISTING OF SUMS AS WELL AS
DIFFERENCES OF PRODUCTS ay; - pli.

Theorem 8.1. If

no= ay -p"°+ (ah1 ~ph1 — Qhy—1 ~ph1’1 Lo ap 'pll) +
+ ap, .p#l + (ah2 .phz —Apy—1 .ph2—1 - —ay, .pl2) +
T au, 'pﬂz + (ah3 'ph3 — Ghy—1 'ph?’il B (7 'pl3) +..
+ M+ (an, pM = apg - pM T —ay, - ph),
it is then valid that
n—S’ n—y 00 a
11 d,n! = n_(h—-l)= —"""""— —(h-1),
( ) or Pn p*l ( ) p*l ( )
where
= 0,1,2,...,00,
O § Qag §P* ]-7
li S tS/J'O7
i1 > hg,
o > h1>ll>/L1>h2>l2>...>ﬂ¢,1>hi>li,

>
I

ihz, I= Zz
z=1 z=1

z=1
O ~ ZZSOO,
i = 1,2,3,.., 00,
z 1,2,3,....¢

Proof. One considers n as the sum n = k + m and the given n differently, i.e. one
transfers all summands from the products a, - p* to the left side of the equation,
which are outside the brackets. Then:

m=n—k = n— (a4 p"+au, -p" +au, -p?+.. . tau , pi)=
= (an, " —ap, M = ") +
+ (an, P —ap—1 P = —ay, - pP) +
+ (ah3-ph3—ah3,1-ph3_1—...—al3~pl3)+...
+  (an, Mt —ap, g - phiTt L= ay, 'pli) .
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First one uses Theorem 7.1 for the right side of the equation:

m = (an, -p" —ap, 1" =, M)
+ (an, p" —ap—1 P = —ay, - pP) +
+ (ahS-ph3—ahS,l-ph3_1—...—ala~pl3)+...
+ (an, P —ap,—1 P = =y, ) =

mq +m2+...+mi:Zmz,

then

because

3
I
M@
7
|
U
M&
&
!
Pﬂ@
\N/
)
=
I

z=1 z=1 z=1
= Y an—(-0-(p-1).
z=1

Second, for k the derivation of Chebyshev’s formula (3) is used:

k= Qg -plto +au, -ptt + ap, - pt? +ootau, Sphit,
Sk = MO+M1+,U/2+~"+G'M1'71:Za#«z—u
z=1
0 < au,_,<p-1
and )
Opok! _ k— Sk _ k— Zz:l A,y )
p—1 p—1
Then
k—S —k)—5,
ordyn! = ordyk! + ordym! = - 1k + (n pzl =
_ k_zlzlauzfl n (n—k)—lelahz —(h=10)-(p-1)
p—1 p—1
n—25 n—y 1 a
= n_ (=)= —== " (h—1
ot (- = R ()
because
S! = S + S,
or
7 [ Ho
S SRS S
z=1 z=1 t=l;
Therefore o
_q/ n — o
ordynl = "= _ () = Z“ht—m—n
p—1 p—1
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FEzxzample 4. For Theorem 8.1.
(1) If using the derivation of Chebyshev’s formula (3): n = 26233095, p = 5.

26233095 = 2-594+3.57+2.5% +3.504+4.5° 4
+2.5%+4.5%4+3.5%2+4.5,
Sa=) ar = 2+43+2+3+4+2+4+3+4=27.
(2) if using Theorem 8.1: n = 26233095, p = 5.
26233095 = 2.5+ (4-5°-3.5%) +
+(4-5°-2-5"~2.5%) +4.5,
Sp o= Y a+(h—1)-(p—1)=2+4-3+4-
—2-2444+(9-8)+(6—-2))-(5—1) =27.
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